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General Considerations on the Oligopoly
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Abstract: In this paper we analyzed the main aspects of oligopoly, in the case of n firms. The
analysis has made, as a rule, for arbitrary marginal costs, each time, however, by considering these
costs constant recovering well known results of the models presented: the Stackelberg model, the case
of more production leaders, the price leader, the Cournot equilibrium for duopoly, the Cournot
equilibrium for oligopoly or in the case of perfect competition and cartels. We also treat the problems
above for the general case of cost function, again customizing the overall results for linear functions
and obtaining the corresponding classical relations.

Keywords oligopoly; duopoly; Cournot; Stackelberg; cartel
JEL Classification: D01

1. Introduction

The oligopoly is a market situation where there is a small number of suppliers (at
least two) of a good unsubstituted and a sufficient number of consumers. The
oligopoly composed of two producers called duopoly.

Considering below, two competitors A and B which produce the same normal
good, we propose analyzing their activity in response to the work of each other
company.

Each of them when it set the production level and the selling price will cover the
production and price of other companies. If one of the two firms will set price or
quantity produced first, the other adjusting for it, it will be called price leader or
leader of production respectively, the second company called the satellite price, or
satellite production respectively.
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2. The Production Leader (The Stackelberg Model)

Consider that the company is a leader of production. If it will produce Qa units of a
good, then the company B will adjust production after A, producing Qg=f(Qa) units
of good (f being called the reaction function). The selling price depends on the total
quantity of products reached the market. Be so: p=p(Qa+Qg) — the price per unit of
good.

The company A must establish a level of production depending on the reaction of
firm B, because it will determine through the production realized the selling price
of the product. Similarly, the company B will adjust its production levels according
to A, because at a higher or lower level, the price will change and therefore profit
of the company.

Let therefore, the profit of the production leader:
TA(Qa) =P(Qa +Qs)Qn ~CTA(QA)
Since Qg=f(QA) We have:
TA(Qa) =P(Qa +f(Qa)Ra ~CTA(Qn)
Consider also the profit of the satellite:
Mg (Qs) =P(Qs + Qs Qs ~CT5(Qs)

The extreme condition for the profit of A is:

OTTA(Qu) _
Qn

and one for satellite B:

olT5(Qs) _
Qs

Considering the leader production Qa as given, it follows that the satellite meets
the condition:

pI(QA +f(QA))(1+f|(QA))QA + p(QA +f(QA))_CmA(QA) =0

p‘(QA +QB)QB +p(QA +QB)_CmB(QB) =0

P'(Qa +Qz)Qs +P(Qa +Qs)-Cmy(Qg) =0

Ranging the production Qa we have: Qg=f(Q,) therefore the problem of leader
profit’s maximizing becomes:

P(Qa +F(Qa))L1+F(Qa))Qa +P(Qa +F(Qa))—CMA(QL) =0

with f determined above.
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In particular, for a function of price (the inverse function of the demand) of the
form: p(Q)=a-bQ, a,b>0 we obtain for the satellite company B:

~bQg +a—b(Qa +Qg)—CmMg(Qg) =0
from where:
_ a—bQ, —Cmg(Qg)
2b

Let note that in this relationship, is purely formal Qg’s determination, requiring the
knowledge of B’s total cost and thus, implicitly, its marginal cost. Substituting the
above expression of Qg in the profit maximization condition of leader A, results for

f(QA): a_bQA _CmB(QB) :

Qs

2b
. 9CM5 (Qs)
0 -bQ, -C
b1+ 2bQA QA+a—b(QA+a Qa meB(QB))—CmA(QA)zo
from where:
1Cms(Qs) _ __a _ Cmg(Qs)
(2 aQA ijA - 2 +CmA(QA) 2

or otherwise:

_a- 2Cm 4 (Qa) +Cmy(Qp)
2b _ aCmB(QB)
0Qa

Qa

Noting with QZ - the solution of the above equation, we get:

a_bQ*A _CmB(QTB) _

Qe = 2
ab—a "eMe(Qe) | ahem, (@) - 300m 4(Q3) + X8 e) em, @7)
Q. Qa
Zb(Zb_acmB@B)j
Qa

where all partial derivatives are calculated in Q, and Q.
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The condition that the leader has a higher production than the satellite is: QZ > Q;
which is equivalent to:

ab+a M) _ghom, (Q3) +5b0m, (Q5) - 22 (Qe) em, (7)
0Qa Qa >0

0Qa

With the additional assumption that the two marginal costs of A and B are constant
(on short term, marginal cost variations being very small, the assumption is not
absurd), we obtain for Cma=a and Cmg=:

« _a-20+B _« a+20-3p a—6a+503
="y Q=" 4b

If a>6a.-50, it follows that the leader will have an output greater than that of the
satellite. From the fact that Cma=a and Cmg=f, results after a simple integration:

CTa(Q)=0Q+y, CTe(Q)=pQ+3, a.B,7,620
Returning to the profits of both firms A and B we have:

T, (Qa) =P(Qa + Qg )Qa ~CTa(Qa) =8Qx —b(Qn + Qg )Qn —0Qu —7 =
~bQ% —(bQg —a+a)Qu —v

respectively:

I5(Qp) =p(Qa +Qs)Qs —CT5(Qp) = aQg —b(Qu +Q; )Qs —BQs —5=
~bQ —(bQA —a+B)Qs 3.

Considering IT,(Q,)=mi=constant, respectively Il (Qg)=n.=constant, we obtain
the two isoprofit curves in the system axis Qa-Q-Qs:

~bQ2 - (bQg —a+a)Q, —y=na—for A
—bQ3 —(bQ, —a+PB)Qg —8=ms — for B

For a graphical representation of the isoprofit curve of A, from the equation it
follows:

_Q;:

_—bQi+(@-0)Qu—ma—7

Qs o
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2
Let g(x)=— bx” +(a _bz)x “TA~Y \We have:

—bx2+nA+y:O

g'(x) = o

hence, the stationary point of the function g is Xd:WVEAT” . Therefore, g'(x)>0

vxe(0,Xg) and g'(X) <0 Vxe(Xq,20). Also:

_ (a—a)—2\b(ms +7)
b

9(Xaq)

As g(x)=0 implies: —bx* +(a—o)x—m, —y=0 we get the two real roots:

(@—o)+/(a—a)? —4b(m, +7)
Xrad 1,rad 2= b

for a small enough so that: (a—o)? —4b(m, +7) >0.

With the observation that limg(x) =-c, lim g(x)=-o0, we obtain that the isoprofit
x—0 X—>0
x>0

curve will be assessed on the range:

o (@-a)—@-a)’ —4b(m, +7) (@—a)+~/(@—a)’ —4b(m, +7)
- 2b ’ 2b

Considering now the reaction function of B to A: Qg :%, let the

difference between this and the corresponding point of the isoprofit curve. We
therefore:

bQ2 +(—a—B+20)Qp +2(na +7)

2bQ 5
The minimum difference will be obtain by canceling the first order partial
oh =bQ2A—2(TcA+y)
Qa 2bQ%

h(Qa,m1)=

=0, from where:

5 = [Amaty)
Qn=y »

derivative:
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The minimum distance between the two curves is obtained for:

(—a—PB+20) + 24/b[2(n, +7)

0=h(Qa Ta)= 5

from where:
a+p-2a
J2(ma +y) =—————=
(T +7) 2vb

Substituting in the expression of Q, , we get:
_a+B-2a
2b

Therefore, the steady production of the leader is the point of tangency of the
reaction function of B relative to A at the family of isoprofit curves of A.

Qa =Qa

For the satellite company B will done analogously.

The general situation in which marginal costs are not constant, involves a series of
a_bQA _CmB(QB)
2b
follows: (Cmg +2b-15)Qz =a—bQ, where 1z is the identical function. If the

function Cmg +2b-1; is invertible, then:

Qp =f(Qa)=(Cmg +2b-15) (2 ~bQ,)
With the expression of f thus obtained, from the equation:

—b(I+F'(Q))Qs +a—h(Q, +F(Q4))-Cm,A(Q,) =0

will be determine Q) and after Q;=f(Q} ).

additional assumptions. Thus, from the relation Qg =

3. The Case of more Production Leaders

Let consider that companies Ai,...,A, leaders of production. If they produce
Qp,++Qa, Units of good, then the company B will adjust its production as they,

producing QBzf(QAl,...,QAn) (f being called the reaction function). The selling
price depends on the total quantity of products reached the market. Be so:

p=%iQ&+QJ
k=1
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the price per unit of product. The firms Ay,...,A, must establish a level of
production depending on the reaction of the firm B, because it will determine
through the production realized, the selling price of the product. Similarly, the
company B will adjust its production level, according to A,...,A,, because at a
higher or lower level, the price will change and therefore the profit of the company.

Let therefore the profit of the leader “i”:
n
I, (Qa)= P(Z Qa, + QBJQAi —CTA (Qa)
k=1

Because Qg= f(QAl v Qa, ) we have:

I, (Qa) = p(éQAk + f(QA1 ;- Qa, )jQAi —CT, (Qa,)
Consider also the profit of the satellite:
g (Qp) = p(éQAk + QBJQB —CTg(Qg)

The extreme condition for the profit of A; is:

ol (Qa,) . of
N D (éQAk +F(Qa 1 Qa, )j{u % JQAi 4

P(éQAk +f(QAl,...,QAn )j—CmAi (Qa ) =0

and the one for satellite B:

Lo0) 550, +Qy Qu +{ £n, +Qs |-Omy(@e) =0
Qg k=1 k=1

Considering the productions of the leaders Q, ,....Q as given, it follows that the
satellite will satisfy the condition:

pl(éQAk +QBJQB + p(ki—lQAk +QB]_CmB(QB) =0

Varying now the production Q we will have that Q.ng(QA1 v Qa, ) from where,

the problem of maximizing the leader’s profit becoming:
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with f determined above.

In particular, for a function of price (the inverse function of the demand) of the
form: p(Q)=a-bQ, a,b>0, we obtain for the satellite company B:

-bQg "‘a_b(kiQAk +QBJ_CmB(QB) =0
=1
from where:

a-— biQAk —Cmg(Qg)
k=1
2b

Let note that, in this relationship, the determination of Qg is purely formal, because
it requires the knowledge of B’s total cost and thus, implicitly, its marginal cost.

Qg =

Substituting the above expression of Qg in the condition of maximizing the leader’s

a-— bkilQAk —Cm(Qg)

A profit, results for f(QA1 v Qa, )=

2b

oCm;(Qp) n
_b—ﬁ ; a_bléQAk —Cm;(Qp)
—b 1+T Qa +a-b kZ:lQAk+ b —Cmy, (Qa,)=0
from where:
oCmg(Qp) n
_b"'#AB _a+bZQAk —Cmg(Qgp)
5 : QAi _Cm/.\i (QAi): = 2

Because the right side does not depend on the amount of i explicit, it follows the
condition of compatibility Vij=1n:
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. 2OMe(Qy) . 2OMe(Q0)
Q4 Qa,
5 Qa, —Cmy (Qp) = > Qa, —Cmy, (QAJ-)

Returning, we get:

1Cme@Qa) )y _BEg - _a_Cma(Qq)
(2 8QAi bJQAi ZkZ::lQAk CmAi (QAi) > )

k=i

In a matrix form, the system writes:

10Cmg(Qg) b b
_b 10Cmg(Qe) _ _b a Cmg(Qg)
2 2 Q,, oo 2 QA = CMa, Qa) =5 =5
b b " raeme@) (R ) |em, (0, )2 CMma(Qe)
2 2 T2 aQu A2 2
19Cmg(Qp) b b
2 0Qa 2
b 10Cmg(Qp) b
_ - - b -
Let M,= 2 2 aQAZ 2
b b 1aCme(Qs)
2 2 T2 Qa

Now consider a matrix M;=(a;;) and M,=(b;;) where bj=a;j+3. We have:

n
det M,=det M;+56 Zl“ij

ij=1

where [ is the algebraic complement of a;; in My. In this case, considering the
matrix:
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1Cmg(Qg) b

0 0
2 0Qq, 2
16Cmg(Qg) b
_ 0 < Bl¥B/__ 0
M;= 2 Qg 2
0 0 10Cmg(Qg) b
2 8Qu 2

and o= —g in the above relation, we get:

det M= H[EM_EJ__Z;H@@CQQB(Q 2) ZJ

ki

ﬁ[laCmB(Q) bj
ﬁ 10Cmg(Qg) b _Ezn:kzl 2 0Q,, 2)
12 0Qq, 2] 25 10Cmg(Qg) b
2 8Q, 2
_bg 1 10Cmg(Qg) b
& Tatm, Q) bn[z Q. z}
2 AQu 2

Also, for the matrix (corresponding to column i):

Ew_b _b .. Cm, (Q )_i_cms(QB) b
2 aQ, 2 AEA 2 2
M.= b 1Cms(Qg) _ _a_Cmg(Qg) b
2 2 0Q,, b M, Q)5 2 2

_b _E cm, @ )_'é_CmB(QB) EECmBH('QB)_b
2 2 T AREA 2 T2 Qu

considering:
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13Cmg(Qs)

b _Cmg(Qg)  b-a
- N 5 0 . Cmu (Qn) SRR 0
3i= 16Cmg(Qg) b _Cmg(Qg)  b-a
0 2 0Q,, 2 7 CMa, Q) 2 g2 0
Gng(@y) b " 1ocmgigs) b
° 0 w OMa, Qn,) 2 2 T2 Qa2
we obtain:

det M3i=| Cm, (Qn ) - .
3, ( A (QA,) 2 2 K=1 2 @QAk 2
ki

Cma(Q) | b—a]ﬁ[g oCmg(Qg) 9]

We have therefore:

24 cmy @) CmBZ(QB)+b;ajﬁ[1GCmB(Q)_9]

i |2 Qa2
p#i k#i,p
b 15Cmg(Qg) b
ZH[Z Qn, 2]
~Cmg(Qg)  b- 16Cmg(Qg) b
(CmAi(QAi) 2 2 JH(Z 0Qu, ZJ
k=i
by _Cme(Qp) , b—a) [ 1Cme(Qq) b
o3 oma (@q) - a0 0 jﬂ(z AN ZJ
p#i k=i,p
b 10Cmgz(Qg) b
2[[1{2 Qp, 2}
ki
Finally:
Q. _ detMy; i-1n
AT detM,

Suppose now that all the marginal costs of A, i=1,n, and B respectively, are
constant (on short term, the marginal cost variations are very small, the
assumption being not absurd). If therefore Cm, =a; and Cmg=f3 we obtain:
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b ( bY_ _peab™( _nB_na_(n-1b

EEK 2)—(3 ?4(m“ 2 2 2 j
ki

from where:

o = (na+nB—2na; —(n—1)b)
s (n+1)b

o :a_béQAk _B:_(nz—n—l)a_(n2+n+1)B+ n(n —1) n Z":
. 2b 2(n+1)b 2n+Db  2(n+1)  (n+)b=

On the other hand, the compatibility condition leads to:
b« . . —
therefore:
o) =0 Vi,j=1,_n

Following these considerations, it follows that the problem has solution only if
marginal costs are equal to leader firms. As a first conclusion, that detach, the n
firms behave as leaders such as one that produces a common marginal cost.

Thus we obtain for a;=a, i=1,n:

o = (na+np—2na.—(n-1)b)
A (n+1)b

(n*-n-Da (n*+n+1)B -1 na

Qo= miDb  2meDb 2+ (n+Db

The B’s reaction function is:
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QB:f(QA1 2Qa, )—;_—ZQAk

soin R" (O—Qp, —-—Qa, —Qg) will be the equation of a hyperplane.

From the fact that Cm, =a and Cmg=p, we obtain after integration: CT, (Q)
=aQ+y;, i=1,n and CTg(Q)=pQ+35 respectively a,B,vi,5>0.

Considering now the cumulative profit of the n leader firms:
n n n n
= ZHAi (Qa)= p(ZQAi + QBJZQAi - ZCTAi (Qa,)=m =constant
i=1 i=1 i=1 i=1
we obtain the equation of isoprofit hypersurfaces:
n n n
2530, +Qs £, na-Ty, 7
i=1 i=1 i1
or otherwise:

a—n—na—iyi n
Qg = n = _ZQAi
bZQAi i=1

The condition of equilibrium will be reduced therefore to the tangent hyperplane of
reaction of B to the n firms at the isoprofit hypersurface of the n firms.

4. The Price Leader

Consider now that the company A is a leader of price, in the sense that it sets the
selling price. It is obvious that, regardless of the satellite firm behavior, the final
sale price will be the same for the two companies, otherwise the demand being
moving to the company with the lowest price.

Let Qa — the production of the leader and Qg — the satellite production, the price
being p>0. We assume also the B’s marginal cost as being an invertible function.
The profit functions of the two companies are therefore:

5 (Qa) =pQa —CTA(QA)
IM5(Qg) =pQg —CTx(Qg)

The profit maximization condition of B is:
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ollyg
=p—-Cm =0
20, p 8(Qs)
from where: p=Cmg(Qg). The production of B will therefore be:
Qs=Cmg'(p)

Meanwhile, the company leadership is aware that setting a selling price p will lead
a production Qg of the satellite firm, so in terms of a demand curve Q=Q(p) its

offer will be restricted to Qa=Q-Qs=Q(p)- Cmg'(p) . Its profit function becomes:

MTA(p) =PQ4 —CTA(Q) = P(Q(P) - Cmg' (9) ) CT (Q(p) - Cmg(p))
The profit maximization condition of A is therefore:

aaHpA =Cm,(Q(P) - Cm (M IQ () - (cmg' ) () =0

from where:
) Ry 1 B
Q(p)—CmB(P)+p(Q (P) —Cm'B(CmBl(p))J
1 oy L
CmA(Q<p)—CmB(p>{Q ®- g Cm;(p»] 0

If the equation has the solution p“>0 we obtain the allocation of production:

Qa=Q(p)-Cmg'(p), Qz=Cmg'(p)
In particular, for the demand and cost functions:

Q(p)=a-bp, a,b>0, CTA(Q)=0Q+B, CTe(Q)=yQ*+3Q+e, 0,B,7,8,e>0
we have: Cma(Q)=a, Cmg=2yQ+8, Cmg(Cm3'(p)) =2y.
The above equation becomes:
p—9 1 1
a—bp——— —b——|-0of -b——|=0

P 2y ' p( 2}’) O{ J

from where:

« 2y(@+ob)+a+d
2(2by +1)
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p -3 _2ay+8—2yab-a

Qx=Q(p)-Cmg'(p)=a—bp" - 5
Y 4y

= p*—8: 2y(a+ ab) +a —3—4bdy
2y 4y(2by +1)

Qs =Cmg'(p

5. The Cournot Equilibrium for Duopoly

The Cournot duopoly model involves a successive adjustment yields the two
companies by assuming leadership at a time.

Be so, at some time teN, the production of the firm A based on the previous of the
firm B:

Qa=f(Qp 1) V=1
and the production of the company B based on the previous firm A:

Qe=0(Qar1) Vt=1

where f and g are continuous functions. The function QA=f(Qg) is called the A’s
firm reaction curve relative to B, and Qg=g(Qa) — the B’s firm reaction curve
relative to A.

If31imQ,, =Q,, limQg, =Qg then from the above relations, it follows:
t—w ' t—0o ’

Qa=f(Qs), Qs =9(Q4)
The pair production (QZ,Q;) is called Cournot equilibrium and it obtains like
intersection of reaction curves of the two companies.
In the following we will consider a function of price of the form:
p(Q)=a-BQ, a,b>0 same for both companies.

Suppose now that at time t, firm A has a production Qa: The company B is in a
position of a satellite company and at time t+1 will have a production, in order that
maximize its profit:

a—bQa; —Cmg(Qg,)
2b

Analogously, at the same time t, the firm A considers B as a leader and adjusts its
output to:

Q1=
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a-— bQB,t -Cm, (QA,t)

Qaw1= b
Suppose now that Cma=a. and Cmg=. We obtain the recurrence relations:
a—pB-hbQ
Qp1= TA't
a—o—hbQ
Qaw1= T&t
In a matrix writing, the relations become:
0 1 a—ao
QA,t+1 _ _E QA,t 2b
QB,t+1 =0 QB,t a-p
2 2b
Q a-a 0 _1
If we note Q= Al , C= 2b | and A= 2 , We can write the above
Qs a-p - E 0
2b 2
relations as:
Qu1=AQ+C

After induction, we obviously have:
Qun=A"Q+(A™+...+A+1,)C, n>1
where I, is the unit matrix.
In particular, for t=0, we obtain:
Q=A"Qu+(A™ +...+A+I,)C

On the other hand, we can see (again induction) that:
A= L), and A= A vken

and also:
A" +AHL=(A-1L) (AN )
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1 42
Because A-l,= 1 i it follows that: (A-1,)"= 23 34 and with the fact
2 3 3
that lim A"=0, we will have:
4 2

lim (A™%+. +A+],)=lim (A-L) (A" 1,)=-(A-l,)'=| 3

From these facts, we obtain:

4 2) (a-20+P
= 3 3 = 3b
M=% 4 |%a-2+a

3 3 3b

The limit quantities of the two companies at equilibrium are therefore:

» _a-20+B _~» a-2B+a
Q="g s 3b
the selling price being:
p=ab(Qy +Qp) =22 E

6. The Cournot Equilibrium for Oligopoly or in the Case of Perfect
Competition

Let now consider a number of n firms whose productions are Qg,...,Qn. The selling
price will be the same for all firms (otherwise, the buyer choosing the lowest price)
and will depend on total production.

The corresponding profit function of the firm “k” is then:
n
I, (Qy) = p(ZQi ]Qk —-CT(Qy)
i=1
where CTy is the total cost accordingly.

The profit maximization condition implies:
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oM, = p'(iQiJQk + p(iQij_ka(Qk) =0
0Qy i1 i1

where Cmy is the the marginal cost appropriate to the firm “k”.
Considering now the coefficient of elasticity of demand in relation to the price:

_dQ p

.dp_p 1 -3 .
€0p=—-— follows: —=——— and for Q= > Q; we obtain:
P dp Q dQ Qs 2

! _n Q.
fin)

i=1

Substituting in the profit maximization condition, results:

p[iqij 1+ 2 b em, @)
=t ZQI SQ'p
i=1

Noting now vy= an . k=1,n - the share of “k” in all companies, we have:

;Qi

p(éQij(l"'v_k] =Cm, (Qy)

€qQp
From this relationship, it follows that for n=1 that v,=1 and we have:
1
p(Ql{l-i- _J = le(Ql)
€qQp

S0 just state of monopoly.

On the other hand, if it exist a large number of companies on market whose share

i=1

as a whole is negligible, we have: v=0 Vk=1,n and: p(ZQJszk(Qk) Vk=

1,n so the price equals the marginal cost of each firm, the market equilibrium
being specific to the perfect competition.
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7. Cartels

Considering any number of firms, the cartel is a situation where they collaborate to
establish production that will maximize total profit, and then reverse them to divide
it between them.

Let therefore be a number of n>2 firms whose productions are Q;,...,Qn, the selling
price depending on total production, the asset sold being normal.

The cartel’s profit function has the following expression:

M(Q,...Qy) = p@QijéQi —éCTi Q)

73T
1.

where CT; is the total cost appropriate of the firm

The profit maximization condition involves determining Qg,...,Q, such that
I1(Q,,...,Q,) =maximum. We therefore have:

oIl . n n n -
—=p'| 2Qi 2Qi+p| 2Q; |-Cmy(Q,)=0,k=1n
oQ, i1 Jia =

where Cmy is the marginal cost of the firm “k”.

From the relationship above, it follows:

le(Q1)=...=Cmn(Qn)

so at optimum, the marginal costs of the n firms must be equal. If one of the
companies will have a higher marginal cost than the other, then their production
will be increased to equal marginal costs at the dominant firm.

Consider now the optimal production of the n companies as: QI Q:. From the
optimal relationship above, we have seen that:

p'(_iZlQi*jéQ? + p(éQfJ—ka(Q;) —0 . k=Ln
or:
p[éij -Cm, (Q)) = —p'(ngjéQj k=Ln

For some firm *“j” the profit is:

n

nj(Ql,...,Qn)=p[zQi]Q,- cT,@)

i=1
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from where:
oI, n
5_ =p (ZQ jQ + p(ZQ.j Cm;(Q))
Q =1 i

Adding the individual variations in profit for all companies involved in cartel
result:

;5 %p@@ ]Q +§p@Q.j jZ:Cm,-(Q,-F

p'(iQiin,- + np{iQij—iCm,-(Qp
== i-1 1
In the optimum point:

§£= p(ng szJ +np[iQ.J :21ij@’;) =

o iQIJiQJ + Z[p(EQTJ - ij(Q?)J -

i1 i1

i=1 i=1

f(Sofo-2(e(3eba)-

of 3 JZQ,—np[iQ.in, (- 1)p(iQ.]ZQ, 20

i=1 i =1 i
because good being normal: p'<0.

If the firm “j” believes that all other firms will follow the terms of the cartel

agreement and production will not change, so: ol =0 Vk=1,n, k=j then from the

k

. . oIl . .
above relationship follows: — >0 so the firm “j” will be tempted to unilaterally
i
increase its production to increase profit.

On the other hand, from the above relationship follows:

~(n-Dp' [ZQ jéQ kzl -

aQJ
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If the firm “}” believes that at least one of the companies do not comply with the
cartel agreement and produce more, we have:
oI, o, _

—(n-1 =
2, - )p(zQ j,_ZlQJ 220, &,

B NN aHk
o-wr(Sai o x

where we denoted by I= {k =1n ZH"
k

} - the set of companies that violate the

understanding and J= k:l,_naHk
0Q

k

:0} - the companies that set the conditions
cartel.

. . . I oI, L .
From optimal relationship, >’ Q; =constant thus a_QJ varies in reverse with
i=1 i
Z61‘[,(
kel K

“” will reduce the profit. As a result of this suspicion, the company will increase
|ts production before this happens.

>0. Therefore at a breach of agreement by the other companies, the firm

We see therefore that in the absence of strict regulations and a strict control, any
firm in the cartel is tempted to increase production to achieve an increase in profit.

As a special case, let consider the case of two companies A and B that records
constant marginal costs: Cma=a si Cmg=, the price function being of the form:
p(Q)=a-bQ, a>a,b>0 - the same for the two companies.

We have;
1(Qa,Qg) =(@a—b(Qa +Q5)XQa + Qg )~ CTA(Qa) —CT5(Qp)

and the profit maximizing conditions:

oIl
2. =a—2b(Qa +Qg)-a=0
ol

o8 —a-2b(Q, +Qg)-B=0

We saw above that for the existence of optimal production, we have: o= and from
the above system:
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* * a—OL
Qa+Qs TS
the selling price being:
0"=a-b a-o_a+a

In the case of Cournot equilibrium, we have:

QL. :a—2a+B:a—a, QL. :a—2B+oc _a-oa
’ 3b 3b ’ 3b 3b
from where:
Que+Qp - 22
The selling price is:
a+2a

pi=ab(Qhe + Qae) =2

We now have:

a-o 2@-a) :_(a—oc) <0
2b 3b 6b

(Qx +Q5)-(Qae + Q5 )=

* * a—Oo

p_pc: >0

Following these considerations, it follows that if the cartel’s total production is less
than that resulting in oligopolistic competition, the selling price increases.

8. Conclusion

In this paper we analyzed the main aspects of oligopoly, in the case of n firms. The
analysis has made, as a rule, for arbitrary marginal costs, each time, however, by
considering these costs constant recovering well known results of the models
presented.

We also treat the problems above for the general case of cost function, again
customizing the overall results for linear functions and obtaining the corresponding
classical relations.
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