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In the Semi-Riemannian case we do not have thdityabf the existence of
such a metric being a difference from the Riemamnase.
Definition Let M=M*""' a connected Semi-Riemannian manifold amndg, n
tensorial fields on M of types (1,1), (1,0) andLj0respectively. We say tha,§,n)
define an almost contact structure on M if:

(1) $2Y=-Y+n(Y)E OYDOX (M)
(2) nE)=1

In these conditions we have the relations:
3) nY)=00OYDOX (M)
(4) $E=0

We define the contact distribution like P¢CX (M) |r](Y)=O}.
Definition A metric g on M for which:
(5) gbX,0Y)=g(X,Y)-en(X)n(Y) UX,YIX (M)
wheree{-1,1} is called compatible metric with the almost cohtdructure.

In the Semi-Riemannian case we do not have thditjaof the existence of
such a metric being a difference from the Riemamn&se.
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Definition If on a Semi-Riemannian manifold M we have an almost contact
structure ¢,§,n) and a compatible metric with the structure wellsbay that
(¢,¢,n,9) define an almost contact metric structure.

For Y=¢ in (1) we have with (2) and (4):

(6) g(Xg)=en(X) XX (M)
and if in (6) Y=:
(7) g€.8)=¢

Remark If we shall consider in the upper g'=8+-¢, n'=-n and¢'=¢ we have
together withe'=-¢ also an almost contact metric structure. We catindu suppose
thate=1.

Definition: Let M=M*""'a connected Semi-Riemannian manifold provided waith
almost contact metric structuré,&,n,g). We shall say that the structure is contact
metric if:

(8) (d)(X,Y)=g(¢X,Y) OX,YDX (M)
Definition: An almost contact metric structurg,g,n,g) is normal if:
9) 0x9)Y=g(X,Y)&-n(Y)X OX,YOX (M)

wherell is the Levi-Civita connection for the metric g.
Definition A Semi-Riemannian manifold provided with a norncaintact metric
structure is called Sasakian manifold.

On a Sasakian manifold the following relationsdhol

(10) Ox&=-0X OXOX (M)
(11) N(X,Y)=Ng(X,Y)+2dn(X,Y)E=0 OX,Y OX (M)
(12) N(X,Y)=(Lgxn) Y-(LoyN)X=0 OX,YOX (M)
(13) N(X)=(Lgp)X=0 OXOX (M)
(14) N'(X)=(Len)X=0 OXOX (M)

where N(X,Y)=[¢X,0Y]-0[X,Y]-0[X,Y]+d7X,Y].
Let now a¢-basis of TM that is an orthonormal basis of thermfo{§,
Y YndY1,...0Y} where YOD, i=1,...,n. We denote by
Sizg(Yi,Yi):g(q)Yi,(I)Yi), i=1,...,n.
We define now the 1-differential forms:

(15) w(2)=g(Y;,2) 0zOX (M) di=1,...,n

and from (15) we have:

(16) obYi,2)=-w(¢2) 0zOX (M) Oi=1,...,n
Let now two arbitrary vector fields:

(17) XN(X)E+ D 8 @(0Y, X e (X0,
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(18) Z(2)E+ isjmj(zwj - z £, (0Z)0Y,
We have now:

(19) [X.ZI={(n()TN@N@TNXH X .00, -
2.6,0,(2)0, 100 + 20,(02)0,,100 - 2,6, $X)0,,1(2) Yo+
> e, IO TN DKM+ X e, (X)D,0,2)-

30 (2)0,0(X) + Y ew 02)0,, 0 (X)-

n

36 0X)0, 0@}t Te @002 D82+ 3 ew @0, 0 6X)-

n

> 60(X)0, w,($2) + ilsiw.@xmm (¢z>-ilsiw.(¢2)mwwj OX)} oY+

i=1

n

g {H(X)Q(Z)-H(Z)O%(X)}[E,Yj]’fgsj {N(@)w(9X)-N(X) 3 (¢2)} [£.0Y]]-

=1

zss 0 (@) q(X)[Yi,Y,»]+§si8,» {(2)wy(X)-a(X) (D2} Yi,dY]-

z” W(O2)WOX)PY.OY].

If we define now:

(20) Z=wy(2)X-wy(X)Z Oj=1,...,n
(21) WEQ(02)X-w($X)Z Dj=1,....n
(22) TR(X)Z-n(2)X

we obtain:

(23) [X,Z]=(div Z)X-(div X)Z-{div T-2 & 0, (W) }+ 3¢ (divZ))Y, -

Z;:Ej (dIV Wj)q)YJ +Z;:£,n(zj) [E'YJ]-Zil:sjn(Wj) ¢[Ele]_ Z 8|8] ('Q(Wl)[q)Ylel]_

ij=1
;&8] ®(¢Wi)¢[¢Yi,Yj]+§8i8,» m(¢Wj)¢[¢Ya,Yj]+;€i€j {w(Z)-(dW)IY, Y]
In order that the two vector fields define a foba we must have:

(24) {div T-23 &, (W) }&+ Y e (divZ)Y, - 3¢, (div W)Y, +
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ze nz,) & Y]]- ze NW) O[E,Y]- Y e, W)[OY,,Y]]- e, wy(OW)B[HY,,Y ]+

i,j=1 i,j=1
i<j

leis,- m(¢Wj)¢[¢Yi.Yj]+Z;€i€j {w(Z)-w(dWi)} Y, Y ] OSpan(X,2).
Example
Let on R,*™* with the coordinates {x..,X\y".....y,z) the usual contact

structure defined by:

(25) n=dz-3 ydx
9
(26) =
O I O
(27) é=/-1 0 O
0 y' 0

where y=(y',...,y) and | the identity.

The contact distribution D is generated{ v i+y' 0 }
1

y' ' ox' 0z} _ .

The compatible metric is:

(28) g=> (63, + Yy )dxdx! 23 ydxdz+ e (dy ) +dz
i1 = pry
Let
N I Y
29 9 9
(29) le ax =) Oy e 0z
N )
30 /= _—
(30) le ' ox' Zl 62

where ab,c,d,e,fOF (M).
We havew=gdy Oi=1,...,n. It is easy to see that:

(6.31) w(X)=gb;, w($X)=-ga, w(2)=ce, w($Z)=-&d;, n(X)=c-iay‘ )

N2)=->dy
From (20)-(22) we have:

__[< —eb)- L+ e - )2
(32) Z—sj[%: @e - db)—+Z(bej ebj)ayi+(ceJ fbj)az}
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(33) W—S{Z(qa ad)—+2(qa bd) +(faj—cdj)%}

(0|C af)+2(ad qd)y}—+ €c- bf)+2(bd a}e)y}w
(34)

Z(Cd -fa)—

0 0

0
For a field U U —+) U™ —
Z ox' Z ay'

+U2“a we have

n aul aun i au2n1

divU=) —+ Z

= ox' T oy 0z

therefore:
1,0 @e-db) c?(l:qej—(=j:bj)+6(ceJ —fbj)}

(35) din=sj[; VD) oy oz

(36)divv\4=g{z"(q —3d) za(ea bd,) , 9(fa, —cd)}

i=1 0z

637)dv T = z{a(dc af)+Z": @d, - a]d) }

=8 a X

21 0(gc-bf) ¢ 0(hd -ge) | d(cd -fa)
Z‘{ ay' Z‘ oy’ y'+(bd, - qe)}; y

(38) wy(W;)=ag-hid;
The condition of integrability is:

(39){2": (2, + 1) (W,) —divT}E +3 e (divZ)Y, -3 e (div W)Y, OSpan(X,Z)
and with (35)-(38) becomes:
(640)- Z‘[Za(ajd ad,) Za(qe bd,) 6(fa —Cd)}axJ .

=1 | =L ox’ i=1 dy' 0z

n 1o, 0(ge —db) o 0(he —eb) d(ce—fb) KB
,Z‘{Zl: ox' +Z=1: ay' M }ay' *

n _ n, d(fa, -cd) & 9(ce b))
{;2(81+1)(qaj bjdj)+; P - oy }6 OSpar{X,Z2)

=L

The conditions that g(X,X)=0, g(Z,Z), g(X,Z)=0 become:
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(iayi -CJ +Yeal+>eb =
(Zn:diyi —f) +Zn:sidf +Zn:sief 20
(Zayi -C][Zdiy" -fj+_28i @d +he)=0

From (40) we have:

_|&0(ad -ad) & 0(ge-hd) d(fa —cd)
5 4 LZ;‘ ox' +.21: o | oz }
a(he qb) L oce - fb)}

(41)

ia(aek —dby) .

= ox' =

rank
0z

ve |
_i d(ce, —fbp)}

6( a,
ox®

-cd,)

oy’

=

c f [i2(3p+1)(epap—b )+y
where |, k=1,...,n

We have now:
n d(ad, —ad) & 0(3e -hd) +a(faj —cdj)}

a9 {Z 2y 0z

i=1 aX i=1

b e {Za(ae -db,)

=1

c f

therefore:

{2&a+n@%—b )+3 %

Zl:a(be

eb,) , d(ce ~fb,)
0z

—cdp) z d(ce —fb)) |

ay"’

p=1

iz-—1: ox' i=1

0y

'ia(ae -db) ,

», d(ad, - ad,) +i0(a}e. —hd) _ o(fa, ‘Cdl)} ce —fb,) +
0z ‘

J—faj)+

| i ox' i=1

d,)

-2

eb) 6(cq fb,) cd
0z '

n, d(ce —fb))
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0 0 -bd
e —fb )ZM+ e —fb )z%

N i - )+ cd - fa)Z—a(ae dby)

(cd, ~fa )z—eb J s ed —faj)—a(cekaZ J .

o(f
e, ~Bd)22e, + D6, - b ) e, ~hd)Y =2 (a o, <8

a(cep —fb,)

-nd)3 TR <

R I ) Il

+(ce ~Tb,)? ceBZfb d)za(ae db)

cd ~fa, )an(qe—+

d(fa, —cd
~hd, )22(8 +Dea, - d)+ @e —bd )ZM

a(cq) fb) 0

(88, ~bd)Y ————=

faj —cdj

+(ce, —fbk)Z%_fbw d ~fa)y
zZ i=1

M d(be, -eb,) ,

e -fb >Z

@e, - bde)ZZ(ep +DEa, —b,d,)+

n d(fa, —cd,)) d(ae, —db,
>3, @6, ~b.d)——> - 6Jp(fap—cdp)%

0 -bd 0 -fb
+ZESkp e, -fb )% 3, @e, —bkdi)%:
From (38) we have:

cd-af P bd-ae 5 cd—af

(39) bd —bd-ae pq_ag: + b;y _bf—cept _cgr + bg _bf-ce s _cgr=0
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From (39), (40) we have:
bd-ae_  ay -c

41 =

(41) bf —-ce @y’ -c)y'-a
cd-af 1

42 =-

(42) bd-ae ay -c

(43) cd-af _ -1

bf —ce @y -oy' -a
If we replace (41)-(43) in (39) we have:
oa da dc dc ac da oOa
44) | = + A - ‘-c’ =0
( )[az }(y){axl oz C}y [axl £ Cay oz @ C}
If we note A=ay-c we have:

0A [ 0a_ oA .Y, (y 0A aa]
X oyt oy 0z 0z

We have.
X' &l ), &f0X™ in+a X &+l
div X= —IX X!
Z(ax Z_:‘ij‘ }L;‘( oy* +Z_;‘n+aj J [ +Z_1:|2n+1j| J
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