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Abstract: The paper analyzes the Hicksian effect of incontesarbstitution for the case of n goods when all
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1 Introduction

Let consider a consumer who has the income V afetesd with the choice of n goods, B,B, with
initial prices p,...,;h. Following a relocating of the market we will caer the new prices of goods

B,,...,Byas: p,,...,p, - Let also be an utility function 8C- R, where SC is the space of consumption

goods relative to those given.
116

Considering the budget zonZB={(X1,...,%)0SCl ipixi <V} the problem of determining the
consumption basket so that the utility be maximur;:lbesome
maxU(Xy,....X,)
Zn:pixi <V
Xo X OISC

In the conditions that the function U is concave] 8Cis a convex set, it is shown ([1], [3], [4]) that
the optimal solution of the problem is situated lom border area of the budget, that is it satisfies:

maxU(Xy,....X,)
n
Zipi i =V
=
Xq... X, OSC
Applying the Lagrange multiplier method resultghe end:
u U

m,1 — — m,n
P Pn
2Px =V
i=1

with the solution:
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X, =f (PP V)

X, =T, (P Pn: V)
called Marshall demand.

Considering now the same problem in the directibthe minimization of the allocated income to
meet a given level of utility, the problem is:

n
min >’ p.X;
i=1 _
U(Xy,....Xp) 2 U

X1, X, SC

whereu is the desired utility.
Finally, it is shown that the Hicks demand sagisfi
u
Py o Pn

U(Xy,....X,) = U

U

ml _ m,n

with the solution:
117

X; =0, (P, Py ,G)
Xn = Gn (PpsesPp )

Now consider, in terms of changing prices thastfithe consumer will change the demand in order to
preserve his original utility level. The compensgatemand (Hicks type) will satisfies the problem:

n
min ). p; X;
i=1 _
U(Xy,..-Xp) =U
Xq,.-X, OSC

whereu is the initial level of the utility.

Let the solution:

X, =f,(p,... ), 1)
X, =f (y,...p, )

n
and V'=)p' X; -the income needed to purchase the goods bazﬂ{mmively,u(il,...,in):ﬂ.

i=1
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We will call the passage from the initial baskeigobds (x,...,x,) at (xl, X ) Hicks substitution
effect (short - H§ and we haveAys =X, -x;, i=1.n.

The second phase arises from the fact that#WWV — the initial incomg the consumer will change
again the demand vectocofresponding to its actual incomein proportion to that previously
preserved its utility. In this case, the problenthef uncompensated demand is:

maxU(Xy,....X,)
n
2P X =V
i=1
X1, X, USC
with the solution:

X, = G (P Py V)
Xy = O (P V)

n ~ [~ ~
In this case, we have: \Ep‘i X U(il,...,in) — the obtained utility. We will call the transition from

intermediate goods baskétl, WX ) at (xl, ,~n) - Hicks revenue effect(short - Hy and we have:
AH\,,i:xi -X; , |::Ln.

The total effect of these two phases is: 118

Ay i=Dns i+ Dy = -ii -Xi+ ii - ii = ii i, I=1n

2 Conditions for the Existence of the Cobb-Douglaltility Function
Let a utility function of Cobb-Douglas typ&i(X,,...X,,) = Ax%..x% with A, a;>0, i=1,n.
The conditions of existence of a utility function ([4]) imply - differentiability and its concavity.

Computing the partial derivatives of first and second ordet@ifunction U(xy,...,X,) = AX*.. X}
we obtain:

ou =0 Ax%. XS X% @ =2y Di=1n
axi xI
2 _ o.0 —
0°Q =00 Ax L x B x xS ==L U DOigj= 1n
0X;0X XiX;
ZQ‘G (a; =DAX .. '2..xﬂ”=MU Oi=1,n
X x?

The Hessian matrix is:
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a(a, -1 a,a, a0,
Xl2 XX5 XX
o,a, a,(a, -1 aLa,
Heo=U|  xx, x2 XX,
C(:.I.an C(.Z.dn (Xn(C(n _1)
Xan XZXn Xﬁ

The principal diagonal minors are therefore:

o, (0, -1 a,a, o,0,
e
X1 X1X5 XX k o,-1 a, o,
| S PP a0 ) [ o, a,-1 a,
= 2 = i=1 =
A=U XXz X3 XXy U K \2
a, 0y a0 ay (o, -1) i=1 ay a, a, -1
XX XX X2
o,-1 a, .. o
- oK a a,-1 a _ ok k
AT X M ! 2 K= (-1 AkxkaZ ke Maif1-X2a .
=1 i=1 i=1
a, a, .. a,-1

For the function’s concavity we must hay¥g<0 Dk=ﬁ, k=odd and\,=0 Dk=ﬁ, k=even.

k k J— k n
Therefore:1- % a; 20 so: > a; <1 Ok=1n. How Y a; <) a; <1 the only condition of concavity of
i=1 i=1 i=1 i=1

n JR—
the function remains) a; <1, a;>0 Oi=1n.
i=1

3 The Analysis of the Hicks Effect for a Cobb-Dougils Utility

Let now consider a consumer who has the income V and is fattedheichoice of n goods,B.,B,
with initial prices p, ...,p which are further adjusted tg\,,...,p', .
We will note:6k=%, k=1n - the index of the good k price change.

k

—_ n
Let now a Cobb-Douglas utility functiond(x,,....x,) =Ax;*..x;" with A, 0;>0, i=1n, > a; <1.
i=1

. , n a — . n
We will note, firsta=>"a; , o,i=—%, k=1,n. We have, obviously} o, =1.
i=1 a k=1

O

a1
X

Calculating the marginal utilities, we gety, W= 0(kAxf‘1..xk :M from where:

Xy
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Z;pixi =V
so, finally:
x, =2y =%y k=1n
Pk Pk
If we denote:% =[x — the share of the good k price in the disposable income V, vee hav
o
Xy :B—: ,k=1,n

The utility corresponding to this consumption distribution is:

n n
. ok [10k"
Ui (Xq,eXp) S AT X = A =A<l

n

n
k=1 a a Bak Bak
[P 1

Let us now consider the change in assets for ea,ckﬁ, the income remaining constant. From
Py

the above relations, we obtain fw.zv , k:ﬁ:
Oy
X =—<, k=1,n
kf yk
n
[To
and the appropriate utility 5(x,,....x,) = A-<— .
A
k=1
Pi
Let us note also thaf), =— =V =£, i=1n
i & Bi
\Y,
- o
_ o
At a price change of Bk=1n, for the same value of the utility,(x,,...,X,,) =A krfl we will
zk
k=1
have:
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oy M o
A k=1 =A k=1
nes s
k=1 k=1

Whereék:%, V'’ being the new income which will ensure the utility. U

We therefore have:
n n
18 =[]
k=1 k=1

or, in terms of income:

The new income will be:

o

With this income, we have:

Xy =— k=1,n
k2H 6k 1'
whered,= F\)/k = Pk — = nd
il b
=1\ Bi =
The Hicks substitution effect is thus:
n eO'
e
o o L 1 o (A"
MiXiXion-X= =~ - —% =0, | Z—-— :—k( 0y -8 ]
o, By “ Yk By Yi D I “

Considering now the initial income V instead of V' we obtain:

o o o n
Dot XS Xig-Xin=—5 = =& = —k(l - 116/ j
Y O Vi I;l I

which means The Hicks income effect.

n
Denoting for simplicity=[T] 6 we have therefore:
1=1
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DX =Xiom-Xi= Sk (F -6, )
k

Do X =Xit~Xieon= Sk (1 - F)
K

We define, in the following, the ratios:

. q= ket "Xk he part of the total change in consumption due to the uthstieffect;
Xe ~ Xy
Xy — X . . .
o B=—K_"KkH _the part of the total change in consumption due to the inctiews; e
Xis ~ Xk
Xy — X . . .
. rk=&=M - the ratio between the income and substitution effect.
O Xyon = Xi
. 1 1
We have, obviouslyo,+f3,=1 and (=a— —1=1—.
ko -1
Bk
From the above, follows:
%(F - ek)
. = By X - Y _r-6, 122
DXy + Do X, %(r -0, )+ Ok (@-r) 1-6,
Yk Yk
° Bkzl.qk:]_—r_—ek :i
1-6, 1-9,
e N=—=
n
k-1 n-k [] 0" — 8y
Let the function: fR*+ x A x R: - R where A=(0,1)1(1,0), f(84,..., 9,]):‘:11—e .
— Yk
We have:
n eO
o o
s ol]e

= = Ok
06, 6,(1-8,)

of (Gk -0y 0, + ek)ﬂ 07 -6,
1=1

E: 0, (1-6,)
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If we note:A\ = ﬁ 0% = r.
1=1 ekk

of A0 0%t =\, 0,00 +A,0% -1
8, (1-9,)

Let also the function: §()=A,0,0%" -\, 0,00 + A, 0% —1.

From the expression of g, we get easgiymog(ek)mo, (1) A1, eIim 9(8, ) =co.

But since:g'(8,) =A,0,0% %(o, —~1)(1-6,) we get that:
* 60(0,1)=0g'(8,) <0 so g is strictly decreasing. In this cas@d{(Ax-1,).
o 60(1,0)=g'(B,) >0 so g is strictly increasing. In this caseBU(Ax-1,0).

If A=1 then g6,)>0 therefore% >0 that is f is increasing with respect8o
k

n
[16" -
How f(@;,...,0,)=-"%

= MO~ 8, follows:
1-8, 1-90,

Jim £(8;....8,) =0, lim f (8,,...8,) =1= A0y lim f(8,....8,) =1

Like a conclusion, in the conditions thﬁn‘ 87 =constartl, we have:
i=1
izk
f(84,...,6n)0(0,1-A¢0k) [06,1(0,1)
f(B4,..., 8n) O(1-Ak0k, 1) 06, (1,00)
If now: A<l then as g(1)%-1<0 follows that f will change the monotony.
Let ¢ an arbitrary root of §)=0 that is:\,0,$% ™ —A,0,% +A, % -1=0.
It is easy to see that the equation has two r@qfs(0,1) andp,[1(1,0).
Therefore, we have:

. GKD(O,¢1):>g(6k)>O:>%>O:>f is strictly increasing, so
k

f(el,...,en)m(o,%q;lq’l] 06e0(0.6-)

. ekD(¢1,¢2):>g(6k)<O:>% <0=f is strictly decreasing, so
k
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)‘kq’gk _¢2 )‘k¢fk _¢1
1_¢2 , 1_¢'1

f(6y,...0,)0 [ ] 080(91,92)

o 6d(d2,0)=g(6)>0= % >0=f is strictly increasing, so
k

Az =6,
1_¢2

With the simplified notationsk,=A, o,=0, let the equation:

g(®) =Aadp° ™ =Nad° +A$° —1=0, 60(0,1),d,A0(0,)

f(Gl,...,Bn)D( ,1] 080 (d2,0)

We have:
g(9)=r0¢°*(o-1)(1-¢)
g"($) =Ao(o -1)p°*((0 - 2) - (o -2)¢)

o-2
o-1
o-2 1

=1-
o-1 o-

If ¢ >

:1—i >1 then g"¢ )<O.
o-1

If ¢< 1>1 then g"@ )>0.

After these, we have: 124

* ¢0(0,1)= gis strictly decreasing and convex

* ¢0(1,0)= g is strictly increasing and convex émo—_i] and concave 060 — i ,ooj.
o- o-

We have but1¢jmog(¢) =00, g(1)=A-1<0, qI)im g(¢) =c0. On the other hand:

o-2)_ 1\
g[m)‘”[l‘o—-lj -
In[l—ij In(l—ci_lj
1

o-1 1 1 o-1 1
Because: (1——] =e o1 follows: Iim[l——] =lime ©°! =1. Considering the

o-1 0-1 o-1 o-1
2
<
!
2\-1<1.

For the determination dif;[1(0,1) we will apply the Newton's method, taking into accohat bn the
interval (0,1) the function g is strictly decreasing and con8exwe choose the poing gufficiently
close to 0 so that: gf)g"(X)>0.

We get therefore:

o
o

-y
function: h(y){l+%} with y>0, we have h(yWl and Iimoh(y) =1. Therefore: g(
y-
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9(x,) _Aafo-2)x
g'(x,) )\0(0 1)

T-Mo-1x° +1

, =0
2 -\o(o-1)x°?

Xn+1=Xn~

jqjq

Finally: ¢,=1im x,, .

For the determination df,[1(1,0) we have two cases:

X¢

so we will choose the point);z —1 because g9 (xo)>0.
o‘ [—

1) <0 the root belongs to the mterx{a?— ] where g is strictly increasing and concave,

If g(o ~ ij >0 the root belongs to the inter\{al,o—_ij where g is strictly increasing and convex, so
- -
we will choose again the poin@zxo—_i because g)g”(xo)>0.
0’ —

We therefore have:

1Mo -1x° +1
2 -\o(o-1)x°?

9(x,) _Aa(o-2)x
g(x,) Ao(o-1)x

, =0

:qjq

and¢,= ,I,inlxn .

If g[o 2) =0 we have, obviously th¢t2:0—_2. =
1 o-1

After the above relationships, we get, finally:

* ok — the part of the total change in consumption due to the sulmstigffect belongs to:

(0,1-A¢ok) 06,0(0,1) if A21;

(1-A0, 1) 06, (1,00) if A21;

o

o

0 ,k¢1 ¢1] 06:3(0,01) if A\<1;
1-¢,

)‘k gk '¢2 )\k¢fk —
1_¢'2 1_¢'1

"’lj 06,0(01,02) if A<

o k41>+¢2¢21J 06(0,00) if A<l

Bk — the part of the total change in consumption due to the ineffier belongs to:
()\kck,l) DGKD(O,l) if A=1;
(0A0y) 06cL(1,0) if A21;

o

o

0 (l 1)\k¢¢11 ,l] 06:0(0,9,) if A\e<1;
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1_)‘k¢fk 1_)‘k csz ;
) 06,(d4, f A<1;
( 1-6, 1-6, k(P1,2) if Ay

(o,%j 06K01((,00) if A<l

o [ 2Ok o | 0a,0(0.1) if A1

1-A0,
A O, : )

o |1-26% | pg,n(100) if AL
1-A0,

0 l_i\A,m] 06,0(0,04) if A<,
)‘k¢1k ‘¢1

o [1Thb 1A ]Dekm(m,q»z)imq;
)\k¢1k _¢1 )\k¢2k _¢2

o 1%] 06(0,00) if A<l
)\k¢2k _¢2

4 Conclusions

The analysis of the effect of income and substitution for thee= @& n goods is essential in

determining the effect of price changes on consumption maweme

The present demarche, establishes the limits of variatiothe two effects and the relationship

r. — the ratio between the income and substitution effect betongs

between them, when price changes on all the goods and not just as in the classical theory.
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