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Abstract:

This paper is a new onset about production functions. Because all papers on this subject use the projections
of production functions on a plan, the analysis becomes heavy and less general in conclusions, and for this reason
we made a treatment from the point of view of differential geometry in space.

On the other hand, we generalise the Cobb-Douglas, CES and Sato production functions to a unique form
and we made the analysis on this.

The conclusions of the paper allude to the principal directions of the surface (represented by the graph of
the production function) i.e. the directions in which the function varies the best. Also the concept of the total
curvature of a surface is applied here and we obtain that it isnull in every point, that isall points are parabolic.

We compute al so the surface element which is useful to finding all product ion (by means the integral) when
both labour and capital are variable
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1. INTRODUCERE 1. INTRODUCTION
Fie functia de productie Q=Q(K,L) unde: Let a production function Q=Q(K,L)
e Q=productia; where:
e K=capitalul; e Q=product;
e L=munca o K=capital;
FunctiaQ:R.xR.—R. trebuie sa satisfacd e L=labour
conditiile: The function Q:R.xR;—R. must satisfiy
1. Q(0,0)=0; the conditions:
2. Q este diferentiabila de ordinul 2 n 6. Q(0,0)=0;
orice punct interior al domeniului de 7. Q is differentiable of order 2 in any
definitie; interior point of the production set;
3. @20,@20; 8. @20,@20;
oK oL oK oL
2 2 2 2
4. 8Qso,aQso 9. 6Q§0,6Q30
oK? oL’ oK? oL
5. Q este o functie omogena de grad 1, 10. Q is a homogenous function of
adicd Q(tK,tL)=tQ(K,L) VteR degree 1, that is Q(tK,tL)=tQ(K,L)
Semnificatia primei conditii este aceea ca VteR
la anularea unui factor, productia devine nula. The meaning of the first condition is that
A doua conditie este utilda numai din at a vanishing of one factor the product is null.
considerente pur matematice. The second condition is useful just for
Conditia a treia semnificd faptul cd o mathematical calculus.
crestere a unuia dintre factori (munca sau The third means that at an increase of one
capitalul) productia creste, de asemenea. factor (labour or capital) the product also grow.
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Cea de-a patra conditie, deoarece derivata
a doua reprezintd viteza de variatie a primeia,
semnifica faptul ca producia are o viteza mai
micd atunci cand unul din factori ramane
constant, iarcelalalt variaza.

Reprezentarea graficd a unei functii de
productie este o suprafata.

Fie deci:

_0Q _0Q _d'Q _ ¥Q ._0°Q

p=—,0=—, = , 5= = .

oL oK oL? oLoK = oK?
Pentru o valoare constantd a unuia dintre

parametri, obtinem o curbd pe o suprafatd. De

exemplu: Q=Q(K,Ly) sau Q=Q(KyL) sunt

amandoua curbe ale suprafetei de productie.

Ele sunt obtinute din intersectia planuli
L=L, sau K=K, cu suprafata Q=Q(K,L).

Curbura unei curbe este, dintr-un
punctelementar de vedere, gradul de deviatie al
acesteia de la o linie dreapta.

Tn studiul suprafetelor, doud forme
patratice sunt de un deosebit folos:

Prima forma fundamentald a suprafetei

este:
g=EdL*+2FdLdK+GdK?
unde:
o E=l1+p%
e F=pq;
o G=1+q%
Elementul de arie este:

do=+EG —F* dKdL, iar cel de suprafatd A unde
(K,L)eR (o regiune din planul K-O-L) este
A= [[dodKdL .

R

Forma a doua fundamentald a suprafetei
este:
h=AdL?+2pdLdK+vdK?
unde:
r

V1+p®+0° /

_ S

g

t
Jlepi+g®

Considerand cantitatea 5=Av-p? avem:

e Daca 6>0 1in fiecare punct al
suprafetei, vom spune ca aceasta este
eliptica. Astfel de suprafete sunt:
hiperboloidul cu doua pénze,
paraboloidul eliptic si elipsoidul;

o A=

e V=

The fourth, because the second derivative
is the speed of variation of the first, means that
the product has a slower speed when one factor
becomes constant and the other varies.

The graph representation of a production
function is a surface.

Let:

2 2 2
p:@’q:@,r:a?,sz aQ ,t:a(g.
oL oK oL oLoK oK

For a constant value of one parameter we
obtain a curve on the surface. For exemple:
Q=0Q(K,Lo) or Q=Q(Ky,L) are both curves on the
production surface. They are obtained from the
intersection of the plane L=L, or K=K, with the
surface Q=Q(K,L).

The curvature of a curve is from an
elementary point of view the degree of deviation
of the curve relative to a straight line.

In the study of the surfaces, two quadratic
forms are very useful.

The first fundamental quadratic form of
the surface is:
g=EdL*+2FdLdK+GdK?

where:
o E=1+p%
e F=pq;
e G=1+¢%

The area element is do=+/EG — F* dKdL
and the surface area A when (K,L) eR (a region in
the plane K-O-L) is A= [[dodKdL .

R
The second fundamental form of the
surface is:
h=AdL2+2pdLdK+vdK?

where:
° }\‘:;1
J1+p®+q°
[ ] H:;
V1+p®+0° '
t
° v=

V1+p®+0°
Considering the quantity &=Av-p® we
have that:

e If 3>0in each point of the surface, we
will say that it is eliptical. Such surfaces
are the hyperboloid with two sheets, the
eliptical paraboloid and the elypsoid.
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e Daca 06<0 in fiecare punct al
suprafetei, vom spune ca aceasta este
hiperbolica. Astfel de suprafete sunt:
hiperboloidul cu o panza si
hiperboloidul parabolic;

e Daca 6=0 1in fiecare punct al
suprafetei, vom spune ca aceasta este
parabolica. Astfel de suprafete sunt
cele conice si cele cilindrice.

Considerand o suprafatd S si o curbad

arbitrara printr-un punct P al suprafetei ce are
vectorul tangent v in P, fie planul = determnat de
vectorul v si nrmala N in P la S.Intersectia lui =
cu S este o curba C, numitd sectiunea normala a
lui S. Curbura acesteia se num este curbura
normala.

e |If 8<0 in each point of the surface, we
will say that it is hyperbolic. Such
surfaces are the the hyperbolid with one
sheet and the hyperbolic paraboloid.

e If 6=0 in each point of the surface, we
will say that it is parabolic. Such surfaces
are the cone surfaces and the cylinder
surfaces.

Considering a surface S and an arbitrary
curve through a point P of the surface who has
the tangent vector v in P, let the plane =«
determined by the vector v and the normal N in P
at S. The intersection of = with S is a curve C,
named normal section of S. Its curvature is called

normal curvature.

Figure-1: The normal section of a curve

Daca avem o directie m:j—; in planul

tangent la suprafatd in P, rezultd ca formula
curburii normale este data prin:
k(m)= kmzz +2um+v
Em*+2Fm+G
Valorile extreme Kk si k, ale functiei k(m)
se numesc curburi principale ale suprafetei in acel
punct. Ele satisfac, de asemenea, ecuatia:
(EG-F?)K*-(Ev-2Fu+GAL)k+(Av-p?)=0
Valorile lui m ce furnizeazd aceste
extreme se nmesc directii principale in acel punct.
Ele satisfac, de asemenea, ecuatia:
(Ep-FA)M*+(Ev-GA)m+(Fv-Gp)=0
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If we have a direction m:j—; in the

tangent plane of the surface in an arbitrary point P
we have that the normal curvature is given by:
k(m)= kmzz +2um+v
Em*+2Fm+G
The extreme values k; and k, of the

function k(m) call the principal curvatures of the
surface in that point. They satisfy also the equation:
(EG-FA)K*-(Ev-2Fu+GA)k+(Av-p?)=0

The values of m who give the extremes
call principal directions in that point.

They also satisfy the equation:
(Ep-FA)m*+(Ev-GAL)m+(Fv-Gu)=0



sau
(Es-Fr)m?*+(Et-Gr)m+(Ft-Gs)=0

Curba 3—:;=m (unde m este una din

directiile principale) se numeste linie de curbura a
suprafetei. Pe o astfel de curba avem maximul sau
minimul variatiei lui Q Tntr-o vecinatate a lui P.
Cantitatea K=k:k, se numeste curburd
totala Tn punctul considerat, iar H:% se
numeste curbura medie a suprafetei in acel punct.
Avem, de asemeneg;
v —p? H= Ev-2Fu+GA
EG-F EG-F
O suprafatd cu K=constant se numeste
suprafatd de curbura totala constantd, iar daca
H=0 vom spune cd avem o surafatd minimala.
Considerand acum planul tangent = la
suprafata intr-un punct P si o directie m, daca
Am?+2um+v=0 vom spune ci m este directie
2
asimptoticad, iar ecuatia: x[d—Lj +2ud—L+v:O
dK dK
va furniza curbele asimptotice ale suprafetei in
punctul P.

2. FUNCTIA GENERALA DE PRODUCTIE
Fie functia de productie:

ap B
Q:Am, (X.,B,pE[O,l], O)ER, 8+’Y¢0
= Pentru ®=0, v.&,p=arbitrari,

a,pe[0,1] avem
Douglas: Q=AK“L";

functia Cobb-

= Pentru o=0, P=0, w=-l avem
p

functia CES: Q=A (yK" +¢L")";
= Pentru a=2, =2, p=3 si =1 avem
K?L?
YK+l
» Pentru a avea o functie omogena de
grad 1, avem ca: Q(tK,tL)=tQ(K,L)
VteR
Avem, de asemenea:
Q(tK tL)=A t*F® LLB = " Q(K,L)
(YK? +¢l”)”

functia SATO: Q=A

= ot+p-po=1.

or
(Es-Fr)m?*+(Et-Gr)m+(Ft-Gs)=0

The curve :—:2 =m (where m is one of the

principal directions) is called line of curvature on
the surface. On such a curve we have the
maximum or minimum variation of the value of
Q in a neighbourhood of P.

The quantity K=k;k, is named the total
curvature in the considered point and H= ki+k,

is named the mean curvature of the surface in that

point.
We have therefore:
2 —
_Av-p and H= Ev—-2Fu+GA
EG-F° EG-F

A surface with K=constant call surface
with constant total curvature and if H=0 call
minimal surface.

Considering now in the tangent plane r at
the surface in a point P a direction m, if
Am*+2um+v=0 we will say that m is an
asymptotic  direction, and the equation:

dL ) dL . .
A — | +2u—+v=0 gives the asymptotic
(dKj “dK v g ymp

curves of the surface in the point P.

2. THE
FUNCTION
Let the production function:
Q=ALLﬁ o,B,pe[0,1], eR, e+y=0
(’YKP J,-ng)m 1 L] 1p ] ) 1 Y
» For =0, y,s,p=arbitrary, o,f<[0,1]
we have the Cobb-Douglas function:
Q=AK"“L";

GENERAL PRODUCTION

= For =0, B=0, m:—l we have the
p
CES function: Q=A (yK” +¢L°)";
»  For a=2, =2, p=3 and w=1 we have
K?L?
YK+l
* In order to have a homogenous
function of degree 1, we have that:
Q(tK,tL)=tQ(K,L) VteR
We have therefore:

the SATO function: Q=A

KeL?

tKtL)= Atehre — — —
QA ) (YK? +¢L")”

=t Q(K,L)

= a+B-po=1.

33



Tn consecinta: o=

o+p-1 . .

Si expresia

p

generald a lui Q va fi:

KeL?
Q=A————55, a.P,pe[0,1], e+y=0

(YK +¢l”) °
Avem acum:

v(a — pw)K? + agl?

(YKP +glP)e™

L] =AK*LP
oK

Deoarece
ap B

(YK? +el)= AK obtinem:

_0Q -Q 1-B)yK? + ael?
K T TRKOK 2ol
Prin analogie:
(1—o)el” +ByK?
p__ =Q L(yK® +&L)
Din relatiile de mai sus avem acum:
=0 Q
K2 K2(YKP +¢lP)?
1)(a+B-1)+20B]K L +B(1-B)y° K]
r= Q =- Q [o(1-a)e’ L% +ey[(p-
o2 L2(yK® +elf)?
1)(a+B-1)+2aB]KL+B(1-B)y*K™]
— aZQ — Q 2| 2p
= aKoL - KLoK® 1 o0 e al(e:
1)(a+B-1)+2aB]KPL+B(1-B)y K]

Sa notdam acum;
P=o((1-a)e’L*+ey[(p-1)(o+B-1)+20B]K L+ (1-
BY’K*

U=(1-0)eLP+pyK®
V=ael +(1-B)yK?
de unde:

U+V=¢gl +yKP,

Dacé a+p-1+0 avem:

pe-a)V-aU ., (-BU-pV
d-a-PB)y 1-o-Pe

[o(1-a)e’L*+ey[(p-

Avem acum:

_0Q_ QU |
oL LU+V)’
0Q_  QV
K TKUTY)
UZ
E=1+p*=1+Q? LC(U+V)
uv

F=pa=Q" KL(U + V)? ;
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+p-1 and the
p

(0
In consequence: o=

general expression of Q will be:

ap B
Q:lA\L(H&1 y OL,B,pe[O,l], 8+'Y¢O

(YK" +el?) °

We have now:
y(o — pw)KP? + agl?

(YK? +el”)™

xQ =AK*ILP
oK

AKL?

Because (YK" +¢lf)"= we obtain:

-Q_4 1-B)yK? + ael?
= aK K(yK® +eL?)
Through analogy:
_0Q -Q (1-a)el® +ByK®
POl T LK +el)
With the upper relations we have now:
t= 'Q =- Q [a(1-0)’ L% +ey[(p-
K2 K2(yK® +¢lP)?
1)(a+B-1)+2aB]K LP+B(1-B)y K]
e R R R [
o2 LA(yKP +¢lf)?
1)(a+B-1+2aBIK L +B(L-B) K]
s= 'Q = Q [o(1-a)’ L% +ey[(p-
OKoL  KL(YK® +&L?)?
1)(a+B-1)+20BIKLP+B(1-B)y° K]

Let note now:
P=o(1-a)e’L*+ey[(p-1)(o+B-1)+20B] K L +P(1-
B K
U=(1-a)eL"+pyK?

V=gl +(1-B)yK?
from where:
U+V=¢gL +yK".

If a+B-1£0 we have:

oo @-a)V-al ., (-pU-BV
A-a-B)y (1-oa-Pe

We have now:

_oQ__Qu

oL LU+’
Q_ Qv
T TKUuTY)
UZ
E=1+p*=1+Q° 2 (U1 v)? ;
uv
F=pa=Q” KL(U + V)? ;



V2
G=1+4"=1+Q" K Z (U 1 V)7

K?U? + L2V?
Cu  A=1+p2+q2=1+Q2 K2LE(U 4 V)?
avem:
LI VS B
N/ NN/ NN
_ QP _ QP
=, r=-————,
K2(U+V)? L*(U +V)?
SZL
KL(U +V)?*
Dupa calcule simple, avem EG-
p2oq Q(KPU7 +L°V?)
K22 (U + V)?
de unde:
don JKZL2 (U +V)? + Q% (K?U? + L2V?) dKdL
KL(U +V)

si suprafata va fi calculata prin:
A= ] JKZL2(U +V)? + Q¥ (K?U? + L2V?)
R KL(U + V)
Directiile principale vor fi date de:
K2 [LA(U+V)*+Q’U*+Q’UVIm*+KL[-LA(U+V)*-
Q2U2+K2(U+V)2+Q2V2]m—
L [K*(U+V)*+Q*V*+Q’UV]=0
de unde:
m1=£ 2=-£ (U+V)K?*+VQ°
K' K (U+V)L2+UQ*
Pentru o directie m avem:
Am?+2um+v
Em’+2Fm+G
QPLK(U +V) '
VKL (U + V)2 + Q¥(K?U? + L2V?)
—K’m? +2KLm - L2

dKdL

k(m)=

VZ
G=1+=14Q" KU V)
2112 2\ /2
With A=1+p2+q2=1+Q2%
K22 (U +V)
we have:
YL B I
NN/
_ QP _ QP
=, r=-——,
K2(U+V)? L2(U+V)?
__QF
s=—=
KL(U + V)?
After an easy computing we have EG-
2 2112 2\ /2
prog e Q(KIU7 +L°V?)
K22 (U + V)?
from where:
212 2 2 2112 2\ /2
dc:‘/K L(U+V)*+ QUKIUP 4LV
KL(U +V)

and the surface area will be compute by:
A ”\/KZLZ(U +V)? + QX (K2U? + L2V?)
R KL(U+V)

The principal directions will be given by:
KZ[LA(U+V)*+Q°U*+Q°UVIm*+KL[-LA(U+V)?-
Q2U2+K2(U+V)2+Q2V2]m-

L’ [K*(U+V)*+Q*V*+Q*UV]=0
from where:
m1=£ 2=_£ (U+V)K?*+VQ°

K' K (U+V)L2+UQ*

For a direction m we have:

AmZ+2um+v
Em’+2Fm+G

QPLK(U +V) ,
VKLU + V)2 + Q¥(K?U? + L2V?)

-K’m? +2KLm-L°

dKdL

k(m)=

KZ[L(U + V) + Q°UIm? + 2KLQ?UVm + L’[K* (U + V)? + Q°V?]

Pentru mI:% avem ca k;=k(m;)=0 si pentru

_ L (U+V)K®+VQ*

K (U+V)L +UQ?

i QPLK(U +V) _
VKPL2 (U + V)2 + Q% (K2U? + L2V?)

avem k,=k(m,)=

KZ[L2(U + V)? + Q?U?Im? + 2KLQ?UVm + L[K2(U + V)* + Q*V?]
For m1=% we have that k;=k(m;)=0 and for
_ L (U+V)K*+VQ*
K (U+V)L2+UQ?
) QPLK(U +V) '
VKZL2 (U + V)2 + Q*(K?U? + L2V?)

we have k,=k(m,)=
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[(U+V)K? +VQ°T +[(U+V)K? + VQ?][(U + V)L + UQ*]+[(U + V)L? + UQ?T?

[L2(U+V)* +Q*U[(U+V)K? +VQ’]* - 2Q*UV[(U + V)K* + VQ?][(U + V)L? + UQ’] +

[K*(U+V)?+Q*V?][(U + V)L* + UQ?T?

Curbura totald a suprafetei este: K=k 1k,=0.
Curbura medie este, de asemenea:
H= Ev-2Fu+Gh _
2(EG -F?)
KLQP(U +V)(L2 + K2 +Q?)
2 /KL (U+ V)2 + QI [KPU? + V2]
Obtinem ca suprafata de productie este cu

curburd totald nuld, dar u este minimald Tn niciun
punct.

Linia e curbura este:

dL Y’ dL

Eu-FA)| — | +(Ev-GA)| — [+(Fv-Gu)=0

()| G | #Evon| e Jrv-on
Ca mai sus, obtinem usor cé:

aL _L dL_dK

—=— cd este:
dK

Ce(0,:)

respectiv:

dL _

dK

L

K

L=CK cu

2(a+B-1)

(el” +yK")K? (YKP +eLl?) °

+(asl? + (1-B)yK ) AK > L2

The total curvature of the surface is K=k ;k,=0.
The mean curvature is also:

H= Ev-2Fp+GA _
2(EG -F?)
KLQP(U +V)(L® +K? +Q?)

2 /KL (U + V)2 + QP[KPU? + V2]

We obtain that the production surface is
with null total curvature but it is not minimal in

any point.
The line of curvature equation is:

dL Y dL
(Ep Fk)[dKj +(Ev Gk)(dKj+(Fv Gu)=0
Like at upper, we obtain easy that:
a _L that is: ac = aK L=CK with
dK K L
Ce(0,:)
respectively:
dL _
dK
L
K

2(0+B-1)

(el + YK YK (YK® +L°) °

+(ael? + (1 B)yK")AZK > 2P

2(atp-1)

(el? +yKP)LX (YK +6LP) °

+((L- a)el? + ByKP)ATK > L2

Directiile asimptotice satisfac:
Am’+2um+v=0
adica:
rm2+2sm+t=0
de unde:

-K?*m?+2KLm-L?=0 deci m1=m2=% .

Curbele asimptotice au ecuatia:
:—:;:m (cu m — directie asimptoticd) deci ele
sunt: L=CK cu C e(0,).

3. APLICATII PENTRU FUNCTIA COBB-
DOUGLAS

Pentru functia de productie Cobb-
Douglas, adica pentru oa+p=1, y=1, =0, p=1
avem:
U=BK
V=oaK
U+V=K
P=apK?
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2(a+p-1)

(eL° +yKP)L2(yK® +6L°) °

+((1- a)el? + PyKP)AZK 2P

The asymptotic directions satisfy:
AM*+2um+v=0
that is:
rm2+2sm+t=0
from where:

-K?m?+2KLm-L?=0 therefore m,;=m,= %

The asymptotic curves have the equation:

S—L =m (with m asymptotic direction) therefore

they are: L=CK with C €(0,).

3. APPLICATIONS FOR THE COBB-
DOUGLAS FUNCTION

For the Cobb-Douglas production
function, that is for a+p=1, y=1, €=0, p=1 we
have:
U=pK
V=aK
U+Vv=K
P=apK?



m1=£, m2=-£ K® + aKA’K>* > _
K K KL +BKAZK> L
K + a AZK* L

si notand cu g=% obtinem:

S S e i
9 1+ BAzgm
k]_:O
_ QopKL

H,=- .
\/KZLZ +Q2(BZK2 N OLZLZ)
[K? + Q] +[K® + aQ’][L* + BQ*] +[L* + BQ°T*

[L* +Q%BIK? +aQ’T — 2Q°aB[K® + 0Q*][L* +BQ°1+[K* + Q°’][L* + BQ°)*

Curbura totala a
K=k1k,=0 si curbura medie:
He. OBLOL +K*+Q?)

=- <.
2K + Q*[B?K? + 0’L?]

suprafetei  este:

Selective bibliography:

=

m1=£, m2=-£ K® + aKA’K>* .
K K KL +BKAZK> L
K + a AZK* L

and denoting with gz% the endowment with

capital we obtain:

1+aA’g™
m==, My=-g—————.
1+BAQg™
k1=0
_ QuBKL

== .
\/KZLZ + Qz(ﬁZKZ +OLZL2)
[K? +aQ’F +[K? + aQ’][L* +BQ*]+ [L* + BQ°T

[+ QBIK* +aQ’] — 2Q°ap[K? + aQ][L” +BQ°] + [K* + Q*a’][L* + BQ°T’

The total curvature of the surface is
K=k;k,=0 and the mean curvature is:

aBLQ(L? +K? +Q?)

H=- .
2 /KL + QU [BPK + o’L]
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