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The behavior of a polynomial regression under a variables
transformation

Citilin Angelo IOAN?

Abstract: The paper treats a problem of a great importance in the author's view relatively to the
behavior of polynomial regressions to linear transformations of the variables. If, from a theoretical
point of view, the estimation of a process using regressions give the same results, regardless of the
size of the exogenous variable, from a practical standpoint the results are not quite so.
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1 Introduction

Let consider a real dataset (x;y;), i=1,n and a polynomial regression of order m>1
which will approximate through the least squares method the given set.

Let therefore f(x)=ax"+...+a;x+ao, XxeR with unknown coefficients a;, i:O,_m to
be determined from the condition that:

n
(D) (@XM +...+a,X; +a, —y;)> =minimum
i=1

n

Let F(am,-.-,80)= Y. (@ X" +...+a,X; +a5 —¥;)” -
i=1

First, let us note that:

) gzzz:x!‘(amx{“ +o.4+aX +a,—Y;), k=0,m
K )

@) —2F _o%xk kp=om
oaoa, = '
Considering the quadratic form:

2
m n n m n m
He=2 3 > x(*’da,da, =2 Zx!‘*pdakdafZZ(Zx:‘dakj we can see that
K,p=0 i=L i1 k,p=0 io1 \ k=0

He>0 so F is strictly convex. As a result of strict convexity, it follows that if F has a
local minimum point, it is unique.

The local minimum necessary condition for F is: aa—F =0, k:O,_m. We have then:
ay

n _
(4) 2> K@, X" +...+ax; +a,—y;) =0, k=0,m
i=1

from where:
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n n n n JEE—
(5) am_z;‘xi””" +...+a1_2;xi1+k +ay Y XK :Ziyixik ,k=0,m

i=1

The resulting system has solutions (polynomial regression coefficients of order m)
([2D):
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ixm Zn:X_Zm—l . Z”:me ixm
(6) a =it I =i = = [ k=0m
=
L m c m-1 - k
PR ANDRS 2.Xi n
i=1 i=1 i=1
C m-+1 L m L k+1 L
ZXI in ZXI le
i=1 i=1 i=1 i=1
S 2m § 2m-1 $ k+m $ m
X; le . in le
i=1 i=1 i=1 i=1
2 The determination of regression coefficients at linear

transformations

Now consider linear transformations of the exogenous and endogenous variables.
Let therefore:

o Xi—aXt, i=]ﬁ, o,peR, a=0;

o yiouyitv, i=ln, pveR, uz0

and the function:

(7 G(bm,...,bo):znl‘,(bm(ocxi +B)" +...+by(ax; +B)+by —py; —v)?,  a,B.uveR,
o, pu=0 i

We have:
(8) G(bm,...,bo)=

2
n n —
Z(cmx{" +..+C X +C —v—uyi)z =p? (C—mx{" +...+&xi +C°—V—yi]
= i1\ M u u

where:
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m . _
9) ¢, =>.Cia*p™b; k=0,m
j=k

From the uniqueness of local minimum point, follows:

where ;=1 if i=j and ;=0 if i#] is the Kronecker’s symbol.
From the above formulas follows:

m . -
(11)  Y.Cla*B™b; =pa, + V8,5, k=0,m
j=k

m .
Considering the polynomial function: P(x)=> b;x) we have:
i=0

m : | .
(12) P(k’(x):k!zcjkbjxl—k=Lk'zcjkbjxJ
=k X" j=k
Therefore:
m Km “BPY () P (B)
a, +vd,, =3 Clakprh = & | Scrppi=[ & ] BPB)_ kPP
Hay +VOyq J:Zk ]aB j (B g‘, ]]B B k' a k'
from where:
k p(k) _
(13) akza—P—(ﬁ)—XSKO,kz ,m
pookboop
Similarly, considering the changes of variables:
° Xi_)lxi_E,i:H
o o

1 vV o —
e y—>—Yy,——,I=Ln
u Iz

m .
for Q(x)=Ya;x’ we obtain the formulas:
i=0

Q(k)(_ B)
u o —
(14) bk = ak k! _VSKO’ k = ,m

For x'eR the estimation from the regression becomes: Q(x') and after the
transformation of the form:
o Xi—axith, i=Ln;

o Yiouyitv, i=Ln

we obtain:
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=l »
wl_ B )
s 22
nQ(x')—v

We have therefore from the Taylor series expansion of Q in the point:

)
(15)  Plox+p)=pQ(x’)-v

Therefore, at a linear transformation of the variable exogenous and at endogenous
variables invariance (u=1, v=0), the expected value remains the same.

At a linear transformation of the endogenous variable, the estimated value will
change multiplicative with the appropriate factor and additive with the opposite of
the translation of endogenous data.

3 The determination of polynomial regression coefficients based
on linear transformations of variables

Let us note first:

n n n
PRANED R RS n
i=: i=: i=1
16) A= inrml lem ) Xik+l in
i=1 i=1 i=1 i=1
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A7) AGay)=[y xSy X
i=1 i=1
Sy s
XI Xi B
i=1 i=1
So we have:
18) ac Ai(xi, Y1)

Let us note also:

(19) =Y xE, 5= xFy,
i=1 i=1
After the formula of determinants development, we get:
n n n
Z(axi "‘B) Z(axi "‘B)mil Z(O'Xi +B)k n
i=1 i=1 i—1
n + n n K+ n
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;%CZma Xi B 21: _Z(:)CZm—la X B Zl:Z(:)Cm X B
i=1 j= i=l j= i=1 j=
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n
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n
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o€Sn i;=1j;=0 i=1j,=0
4 i 1+o(m+1)-j L+o(m+1)-j j
1 s 1y +t0 1 1
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m(m-+ I iz imet P |a m-1+c(1)-j;, y, m-2+0(2)-j,
a z Z ( )C —1+G Cm 2+G ) C—mlio'(m-ﬁ-l)[ j Xi1 X X
b =L g Jm+1*00€sm+1 o

szjz

ro(m+1)jn.

T

I
where we noted C! = ﬁwnh the convention that C2 =0 if b>aand CJ =1
Let also mention that (o) is the signature of the permutation ceSy.; — the group
m+1
of permutations of order m+1 and we have: Zc(k)zw.
k=1
With the above notations, we have:
m(me) 8 i i i B\&H
Alox; +B)=a D> . ; &(0)Ch 1,0@CE 2102 Clhima) o) tnaeritn-zio@h Loy,
e Ima=U 0€9m
In particular (=1, f=0):
(20) A(Xi): Zn: z 8(6)Xir11—1+5(1) :121—2+c(2)m i—:+c(m+1) -
il !!!! im+1:l cESmH .
;S(G)tm—1+c(1)tm—2+c(2)"'t—1+c(m+1)
Analogously:
columnm-k+1
Ylax +B)" Y (ax; +B)" > (uy; +v) n
i=1 i=1 i=1
Ay (ox; +B,uy; +v)= ;(axi +B)™ le(ocx +B)" ;(axi +B)uy; +v) Zl:(axi +B)|_
n n n n
Dlax +B)™ Do +BF™ o 3ok +B) (wys +v) o Dok + )"
i=1 i=1 i=1 i=1
4 m 4 m-1 4
Z(axi +B) Z(axi +B) 2Ly, n
i=1 i=1 i=1
Y (oxi )" Y (ax; +B)" > (ax; +B)uy; > (ax; +B) |,
i=1 i=1 i=1 i=1
4 2m 4 2m-1 4 4
> (ax; +Bf™ Y (ax; +B) > (ax; +B)"ny; - 3 (ox; +B)
i=1 i=1 i=1 i=1
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S (ox 4B S (ox 4B - vn n
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In particular (a=1, $=0, p=1, v=0):
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4 Error theory notions

Considering a real value x and an estimate of its x the absolute error is defined as:

- . e
ex=X — X and the relative error: g,==.
X

Let two values x,yeR. We have then ([1]):
[ ] ex+y:6x+ey

° ex_y:ex'ey

o e, =Xe, +Ye,

e 19 e

[ ] == —_—

x x =2 %y

y Y y

*  Suym= _sx+_y_8y

X+Yy X+Yy
X

L Sx_y:— —gx_—y—gy
X=y X=y

* gy, =8 tg

From the above formulas, it follows inductively:
n R
e e, =ZeXi vxieR, i=1,n
i=1
e e, =he VxeR

Also for any xieR, i=1,n, we have:

Hx —Hx.:H(§i+exi)—H§i= > H?iHexj

n
iUl i=1 i=1 il il jed
a jed#D
10J={L,...,n}
1NI=J
n __
[1xi
A n n __ n i1
Neglecting the products of errors: e, =>e, []xj=> e, =
i i a -1 Xi
= ji
In particular, for Xi=X vi=1n we have:

e, =]£[(§+e )-x" ZC" ek

i=1

12
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Neglecting the terms containing powers of the error, we get:
—n-1
e e,= nexxn

e, n
e — —
_ éx,_é x,_n Xi exi_n Xi
* fa T TaC _Zn_____Zn &x,
XXy Yxi HEyx Xy
h i=1 i=1 i=1 i=1
from where:
o Enx = &y
n n _
e, zexiHXJ
1% i=1 ;I n e, n
[ ) fed = = = s :Z_—':ZSXI

therefore:

* &, =Ng
Considering that the maximum error of the data from measurement or from
computer data representation is ens and that the sign of the error can not be
ascertained, the above formulas become:

b ex+y£29max;

Ex-y<2€max;

* exy S qx‘*"y‘%max

e e, <ne VXieR,i:L_n

- max

X
i=1
n __
[1xi
n j*l
e ¢, < -
fix; E X; max
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n-1
e

e € ,<nX
X

max

° etp < p‘tp—l‘emax

5 The determination of the maximum absolute error of polynomial
regression determinants

We saw in section 3 that:
A(Xi)z zS(G)tm—1+c(l)tm—2+c(2)'"t—1+c(m+1)

o€Sn

Ay (Xi Y ) = z S(G)tm—l+c(l)tm—2+cs(2)"'s—1+c(m—k+1)'"t—l+s(m+l)

0€Smu

Suppose now that the absolute value of exogenous data belongs in the interval [a,b]
and the endogenous data are in the interval [c,d]. We therefore have:

B I
i=1 i=1

- n
Therefore: e, < npb" e, and as sp=> xPy, <nb°d follows:
i=1

esp =
) (%" v (P - —p c ( p p—l)E
S =3 (e, ey J< X (Xe, + ype < 207 +dpb? =
i 1= i= i= -
nb? (b +dp)e, -
We now have:
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- J¢q
m+1
Z Zn(m—q+6(q))bm g+o(q maanbm j+o(j) =
GESm+1 q=1 J;tq
(m+)(m+2)  (m+1)(m+2)
> mfn(m—q+c(q))bm—q+o(q)—1emaxnmbm2 o) _
Gesm-v- q=1
l m+1 ,
My Y 2 (M=q+o(q)p™ trel@ i@
6eSpy g=1
m+1 LSy m2+m-1
€ max Z Z(m—q+c(q))b =
6eSpy g=1

N™1p™ ™ Im(m + 1) (m +1)e

max *
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z nm+2 b—l+o(m—k+l)d El(m —q+ G(q ))b m—qm(q)—lb m?+q-o(q) ™t rﬁlb m-g+o(q)}+o(m-k+1)-2 (b —d+ dG(m —k +1)) _

7S Gem-ki1 om-ki1
m-+1 2 m+1

nm+1 Z nb—l+0(m—k+l)d Z(m —q+ G(q ))bm +m-1 + H bm—q+c(q)+c(m—k+l)—2 (b —d+ dG(m —k +1)) i =
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nm z nbs(m—k+1)+m +m—2d(m2 +(M-k+1) -o(m-k +1))+ (b i dm)m mH bm—q+c(q)+0(m—k+l}2 .

O-ESerl q:1

g#m-Kk+1

Amt 3 (nbc;(m—k+1)+m2+m—2d(m2 L (m—k+1)—o(m—k +1))+ (b+dm)" bm2+m—k+l+(m—l)c(m—k+1)—2m)3

ceS

max
'm+1

max —

nm Z (nbc(m—k+1)+m2+m—2d(m2 4 (m _k +1) _ G(m “k+ 1))+ (b " dm)m bmz—m—k+1+(m—1)c(m—k+1)> <

Gesmﬂ

nm+1(dn(m2 Tm—k +1>Om2+m—2 Z bG(m—k+1) i (b " dm)m bm2—m—k+l Z p(Mm-Do(m-k+D) )emax —

GESm+1 Gesmﬂ
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It is observed from the above formulas that, with the increase of the maximum
absolute values of the variables, the absolute error increases dramatically.
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Thus, at a corresponding reduction of both exogenous variables and of the
endogenous (decrease of b, or d) will lead to smaller maximum absolute errors. On
the other hand, it should be kept in mind that if through a linear transformation of
the form: x;—ox;+B, i=1,n, yi—>uyitv, i=1n, the values becomes in absolute
value less than 1, then in determining of the polynomials t, and s, respectively, the
truncation errors of computers will also lead to large errors.

6 A numerical example

Let consider the polynomial:
P(x)=0,0000001x3-0,00001x’+0,00001x°-0,00005x°+0,00001x"-
0,000012x*+0,00001x%-0,000034x+ 0,00015

and the data set: (xi,yi)izm where x;=99+i, y;i=P(x;). The obtained data are as

follows:

X y

100 9.500.988

101 20.812.078
102 33.684.367
103 48.258.214
104 64.683.291
105 83.119.038
106 103.735.142
107 126.712.027
108 152.241.366
109 180.526.606

Because the law is of polynomial degree 8, the "forecast" for x=110 will be
y11=P(x1:)=P(110)=211.783.513.

We now propose the determination of the 8th-order polynomial regression relative
to the above data. Using the Add-Ins Data Analysis from Microsoft Excel, you can
easily get:

Intercept -1819,741535
X Variable 1 (X) 0
X Variable 2 (X?) 0
X Variable 3 (X°) 0
X Variable 4 (X% 0

X Variable 5 (X°) | -4,13418E-05
X Variable 6 (X®) | 9,79622E-06
X Variable 7 (X") | -9,99834E-06

X Variable 8 (X®) | 9,99954E-08
The polynomial regression will be:
Q(x)=9,99954-10°x%-9,99834-10°x'+9,79622-10"°x°-4,13418-10°x-1819,741535

16
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For x=110, the expected value is: Q(110)=211783512.8 with an absolute error of
0.2, the relative error being almost zero.

Transforming data by x—x-99 we obtain the following set of values:

X y
9.500.988
20.812.078
33.684.367
48.258.214
64.683.291
83.119.038

103.735.142

126.712.027

152.241.366

10 180.526.606

The regression analysis provides the following coefficients:

Intercept -380382,6

X Variable 1 (X) 9208199,098

X Variable 2 (X% 653020,942

X Variable 3 (X®) | 19809,85892

X Variable 4 (X*) | 337,7886237

X Variable 5 (X°) | 2,844754844

X Variable 6 (X®) | 0,068831705

X Variable 7 (X") | -0,002310925

X Variable 8 (X®) | 4,96032E-05

The poolynomial regression will be:

P(x)=4,96032-10"x"-
0,002310925x'+0,068831705x°+2,844754844x°+337,7886237x"+
19809,85892x°+653020,942x%+9208199,098x-380382,6
For x=110-99=11, the forecast will be: P(11)=211783516.6 with an absolute error
of 3.6 and again the relative error is almost zero.

But if the regression coefficients are determined using determinants, because
enormous errors caused by large exponents, aberrant predicted values are obtained,
in the case of original data the absolute error beaing greater than 10" and in the
case of the modified date than 10'%,

The determination of the regression polynomial based on the above formulas
(13,14) shows some interesting aspects. Thus, based on the polynomial P, we have:

8 () (_

Q(x)=>a;x! cu a, =w
=0 :

Q(x)=0,00005x3-0,041596644x'+15,28280417x°-3208,953433x°+421069,3262x"-

35356807,74x°+ 1855331468x2-55626362954x+7,2957-101*

the expected value being Q(110)=211783516.6 with an absolute error of 3.6, again

the relative error being almost zero.

O ONOO|O|PR|WIN|F

'k=0,8 from where:
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8
Considering now the polynomial Q, we have: P(x)=>bx cu
i=0
®) _
b, =QT('99), k =0,8 from where:

P(x)=0,0000001x%+6,9198-10
*x'+0,020522478x°+3,381332737x°+334,2576304x"*+19823,76145x’+
652989,5629x%+9208235,249x+376758,801

the expected value being P(11)=212540669.86 with an absolute error of
757156.862, but the relative error being now significant: 0.36%.
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