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The Extreme of a Function Subject
to Restraint Conditions
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Abstract: Many papers treat the classical problem of therdetgtion function’s extreme points
subject to equality type restrictions. The well-wmo method of Lagrange’s multipliers gives
necessary conditions but not sufficient. In thipgrait is shown that in additional hypotesys (like
linearity) the nature of a stationary point remaihe same for the restricted function and for the
initial one.
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1 Introduction

In microeconomic theory, very often it is use thethod of Lagrange multipliers in
order to determine the extremes of a function whasgables satisfy additional
restrictions. Unfortunately, many times, it is cdesed that the solutions of the
system of equations derived from the method of &age multipliers, are
automatically extreme points. What is certain iattthe method of Lagrange
multipliers involve necessary conditions for théreme, but not sufficient.

Given the importance of this method for a rangeadfnomic applications, such as
the optimum choice when the consumer is given ini®re, the problem of the
minimizing of the income providing a constant @§iliminimizing the cost function
under conditions of constant output or maximizingofpp under restrictive
conditions, we shall broach the problem of extrepwmnts under additional
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relationships, without using Lagrange multipliehtaining, finally, sufficient
conditions of extreme.

Let D an open subset R" and a function on D: U:DR" - R, C*differentiable on
D such that: (X...,%) —» U(Xy,...,%)0R for any (,...,%,)0D.

Let also consider the restrictions:(g,...,%)=0, k=1m, m<n Let suppose that
D(g;...-9) 0.
D(Xn—m+11""xn)

From the implicit function theorem, there existdtg the family of functiongy,

k=1m, such that: Xm+=Pr(X1, -+ X0m) and
D(9;,---9m)

0P, _ DXt X e kets Xio X pemakatreXn) L1 om

YK — n-m n i"”*n-m n , k_lm

X D(9y::--:9m)

D(x n—m+1""’Xn)

Substituting Xm+1=P1(X1,-.- X0-m) -« X=Om(X1,-... %m) IN U, we find that the function
u=U(Xg, . Xeme®@1(X1, e Xy e e @ m(Xase e Xom)) IS the  restriction of U at
Dy={ (X1,.... %) IDOG(Xs,.... %)= 0, k=1m}.

In what follows we shall inquire into the existerafea locally extreme of u, that is
the locally extremum of U subject to the restrici@=0, k:l_m.

This problem it is classical and it is solved withgrange’s multipliers method.
The problem arises from the fact that this methoésdnot gives sufficiently
conditions for the extreme.

2 Main Theorem
In what follows, we shall compute the second défeial of u.

m
(1)6_u:6_U+Z U 0y g4
0X; 0%, im10Xp_mek 0%

2 2 m 2 m 2 m 2
(2)6u:6UJrz o°uU %+ 0°uU %+ o°uU %%+
OX;0X;  0%0X; 10Xy mak OX; k210X OXp i O kp=1OX e fOX ok 0% OX

moU 9%,

k10X -k OX;0X;
The second differential is:
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n-1 2 n-m 2 n-m m

du=Y o"u dx,dx; = 3 o’V dx,dx; +2 0°U a¢deidxj +
i.1=10X;0X; inj=10X;0X i m1ke10X0X ey OX

n-m m 2 n-m m

I L . ¢pdxdx+zz U 0 gy, =

i,j=1k,p= =10X m+paxn mek 0% OX i,j=1k= 210X ek OX aX

- 2 2

Y gy +2§ gy 579U gy 4

|J_10X a J—l aX _1 ox. aXn m+k

i—au [§a¢kde(za¢?dxj+i ”i"&c])k dx,dx; =

k,pzlaXn_erann m+k =1 k 1axn m+k 1,j= 1aX aX

mo 92U 9%u
dxdX,_ . ———— Xk X o F
z Y n-m+k kZ:lpZ:laXn m+kaXn mep n-m+k n-m+p

"\ maq)k S < Y <0, b,
dx dx. + _ dx; dx. |+
[J—l ox; J; iaxn m+k I k%zlax n—m+paxn—m+k [ |zl Ox le axj :

i v ninaq)k dx;dx; =

16xn m+k i, ,_16x 6

n 2 n—ma n-m
dxdx; +2 Wt dx; +

.%laxa X Z{ X Z ox, Z 70X axn .
m 9%U 00, myyelo

. dx —2dX; |~ Xy e BX e ep |+
%:laxn_mwaxn_mk [(.Zi 0X; J{le oX. Xn-m+kOX n-mep
m n-m A2
3 ou 5" 0, dx dx,

k210X ek i0=10%;0X

n—-m
Because Xm+=dk(X1,..., %-m) We find that: dXma= D %dxi therefore:

i=1 Xi
n 2 m n-m
d2u=z oV dx;dx; +> oy D 0%, dx,d,
ivjzlaxiaxj k=1 Xn m+k 1= 10X aX

We can write therefore:

@3) Fu=fU+ Y’

k=10X p_m+k

&%, .
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Theorem

Let D an open subset R" and a function on D: U:DR" - R, C-differentiable on
D such that: (%...,%) - U(Xs,...,.%)OR for any (x,...,%)0D. Let also consider the
D(@y.---Om)

restrictions: g(Xy,...,%)=0, k:l_m, m<n with D(
X

#0 and¢y such that:

n—m+l""’Xn

Xn-m+k=¢k(X1, s 1X1—m), k:l_rn .

a) If ou >0, d¢ — positive half-definite for any kkm and dU — positive
definite rt1f_1n<13+nk & is positive definite;
b) If U >0, '« — negative half-definite for any Ksm and dU — negative
definite ;ng: 8 is negative definite;
c) If U <0, by — positive half-definite for any kkm and dU — negative
definite zhngr: & is negative definite;
d) If ou <0, dd — negative half-definite for any Kem and dU — positive

n-m+k
definite then &u is positive definite.

Corrolary 1

If ¢ are affine functions for any Kem then du=fU that is the nature of
stationary points are the same for the functionfanthose with restrictions.

Proof If ¢, are affine functions therfgi=0 for any k=Lm.

3 Application

One spectacular application is in the economicaomh of consumer. Let a
function of utility U which is supposed to be oéisé G and concave, that i$U is
negative definite. If for the goods, G.,G, with the corresponding prices, p.,p it
is a limited budget V, the problem is to deterntine optimal distribution in order
to maximize the utility.

In this case, if we note with x..,x, the desired quantities of;G.,G,, we have the

restriction px;+...+px,=V therefore: le—&xl—...—hxn_l. The
Pn Pn Pn
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restriction of U related at this condition is tHere: u=
U(xl,...,xn_l,l—&x1 —...—hxn_l} Because U is concave, follows that if u
Pn Pn Pn

has a stationary point this is a maximum point.
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