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The Demand’s Behavior under the Action of Factors

Catalin Angelo loan', Gina loan?

Abstract: In this paper we will study and classify the main types of goods, from the perspective of a
global analysis (for n goods simultaneous). For each of the main types, we will present one concrete
example resulting from special utility functions. Also we will broach the Engel’s hypersurfaces
which generalize the Engel’s curves from the case of two goods. The problem of elasticity is also
broach in order to settle essential links (for n goods) between their level and nature of the goods.
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1. Introduction

The study of the demand behavior under the action of some factors such as price
and disposable income is essential in determining the market structure and also the
action of determining the consumption trends in the occurrence of disturbing
factors (changes in price or income).

We will study and classify below the main types of goods, from the perspective of
a global analysis (for n goods simultaneous). For each of the main types, we will
present one concrete example resulting from special utility functions.

The next section will be devoted to the Engel’s hypersurfaces which generalize the
Engel’s curves from the case of two goods. It will gets concrete examples, each
time reducing at the well-known case of two goods.

The last part will deal with the problem of elasticity, in which we settle essential
links (for n goods) between their level and nature of the goods.

! Associate Professor, PhD, Danubius University of Galati, Faculty of Economic Sciences, Romania,
Address: 3 Galati Blvd, Galati, Romania, tel: +40372 361 102, fax: +40372 361 290, Corresponding
author: catalin_angelo_ioan@univ-danubius.ro
2 Assistant Professor, PhD in progress, Danubius University of Galati, Faculty of Economic Sciences,
Romania, Address: 3 Galati Blvd, Galati, Romania, tel: +40372 361 102, fax: +40372 361 290, e-
mail: gina_ioan@univ-danubius.ro

AUDCE, Vol 7, no 6, pp. 115-

115



ACTA UNIVERSITATIS DANUBIUS Vol 7, No. 6/2011

2. The Demand’s Behavior under the Action of Factors

Let consider a lot of goods Bjy,...,B, subject to an utility function U, xi,...,x, — the
quantities of By,...,B, consumed, their sale prices: ps,...,p, and a consumer
disposable income V. In what follows, we put the question to study how the
demand changes under the action of specific factors.

Suppose, first, that the price of a good B; changes with an amount dp; in caeteris
paribus assumption. Let also note dx; — the demand variation of B;.

We know that a good is called normal if ax; <0 caeteris paribus.

Following this definition, if normal goods price drops, the demand increases and
vice versa, the demand decreases with the price increases.

Let now p; and p? such that pi<p? and the demands xi(p;), x(p?). From the
strictly decreasing character of demand in the case of normal goods we have that:
xi(P7)>Xxi(p? ). For he[0,1], let pi=h pi+(1-2) p; e[y, pf 1.

We therefore have: xi(pi)<xi(pi1) and xi(pi)>xi(pi2). The question is now if the

demand for normal goods is convex or concave. To analyze this, consider, for a
fixed price p;, the income allocated to the purchase of x;(p;) units of good.

We have therefore V(p)=pixi(pi). As V'(pi)=xi(p)+piX; (pi) results that the

minimizing of the income allocated will satisfy V'(p;)=0 then x; (p;)= ()] <0.

On the other hand, the minimum requirement is reduced to V”(p)=2X; (p)+pi X;

(p)>0 from where x; (p)=0. The demand function of a normal good is therefore

convex. This fact can be derived also from a purely economic observation because
at a linear upward trend in the price, any rational consumer will prefer to purchase
a combination at extremes (in a limit of an available budget, he purchasing as long
as it is accessible to the lowest price) than the entire amount at an intermediate
level price.

Following these considerations we obtain that the demand function x;=x;(p;) being
strictly decreasing is injective so, by restricting the co-domain it becomes one-to-
one. The inverse function p;=pi(x;) is the so-called the inverse function of demand.
Because the monotony of a function is preserved at the reverse, follows that the
inverse function of demand is strictly decreasing for normal goods.
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Let consider, for example, the case of goods whose utility is of Cobb-Douglas type:

n
U(Xe, X2, Xn)= X7t Xp" with a0, > a; <1. In [3] we have shown that the
i=1

V. i=in.

optimal consumer solution is: x;= an‘
pizai
i=1
At the i-th good price adjustment with dp;, the new optimal solution becomes: X i
o,V
(p; +dpi)zn:°°i
of good i is therefore: -
o,V i o,V _ o;Vdp,

(pi+dpi)éai piéai pi(pi+dpi)%ai

=x; Vj=i and X; = . The variation corresponding to the consumption

dXi= ii -Xi=

We also have: &V

i —— <0. The goods are so normal.
Pi piZZOLi
i=1

d’x; _ 20,V
2 n
dp p?Zai

i=1

relation to price.

Because >0 it follows that the demand function is convex in

A Giffen good is one for which % >0 caeteris paribus.
Pi

Following the definition, in the case of Giffen goods if the price decreases the
demand decreases also and vice versa, the demand increases with the increase of
the price.

Given two goods B; and B, whose utility function is U(x1,x2,...,xn)=\/x_1+§/g
using the method shown in [3] we get:

3 2
o B [T B, 1) (1 e, 1) v
8lpy (\pr  4p; Py 8lp, |V pr  4p; Py ) Py

We have now:
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dx, _8p3 |3 (L 8L,
dp, 8Ipj|p,  \pf 4ps o2
1

The condition that %<0 is equivalent, after laborious calculations with:
P

—243< pl V what is true. The good B; is therefore normally.
pz

Analog it shows that 3 2 >0 is equivalent to 84 Py L2 +Vv2-9>0. Therefore, if
P, Ps
V is large enough, the condition is met, then B; is a Giffen good.

Considering another good B; with j=i let note dx; — the demand variation.
dx ;
A good B is said to gross substitute B; if d—’ >0 caeteris paribus.
i

In the gross substitutes property, at an increasing of the price of B; the demand of
B; will increase also and vice versa at a decreasing of the price of B; the demand of
B; will decrease.

In a particular form of utility function: U(Xy,Xz,...,Xn)= \/x_1+\/x_2+...+,/xn we
have from [3] that:
\Y,

x,-—— J= 1n
16p] Z*
i 1 i
dxj Vv . .
Because d—= > >0 we have that the j-th good gross substitute any
: 01
16p?p?(2
i=1 P;
good B;, i#j.

dx .
We will say the a good B; is a gross complement for a good B; if d—‘so caeteris
P;

paribus.
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The significance of gross complementarity is that if the good’s B; price increases
then the demand of B; will decrease and vice versa.

Considering again two goods B; and B, whose utility function is U(Xy,Xa,...,Xn)=
\/x_l +4/x3 , we have seen that the optimal consumption is:

3 2
- BPz[ 1, 81V_AJ,XZ:_8pz[ iﬁﬂv_i}x
1

81p; 4p; P 81p, 4 P P
We have now:
2
5 [P, 81y, Py [1 81v —81V
%:27& pr  4p3 .\ ps
dp 1 81
? 27p12p2\/2+3V
pr  4p;
The condition that : L <0 is equivalent to:
P2
81V 1 81
P > erpi-2)+ P2 |50 v
P 8p; P\ pr 4P

which is true for V large enough. Therefore, the good B; is a gross complement for
B..

Analogously X, >0 leads to —+81p1V+1> 1+i p S EV which is
1 3
dp, P 4p5 1 P 4p;

also satisfied for V large enough.

After these remarks, we notice an interesting fact, namely that B; is a gross
complement for B,, but B, gross substitute B;.

3. The Engel’s Hypersurfaces

In the following we will consider that the prices of B; will remain unchanged, the
only modifiable being the consumer income.

A good B; is called normal in the sense of income if: EV >0.

Following this definition, the good B; is normal in the sense of income, if at an
increase in disposable income, the consumption of B; increases.
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An inferior good B; is if % <0.
dav

The good B; is inferior, if an increase in disposable income leads to a decrease of
the consumption of this good.

From the budget hyperplane equation ([3]): ipixizv we obtain by
i=1

n n i
differentiation (assuming constant prices): > p;dx; =dV or: >'p; % =1.

i=1 i-1
As a result of this relationship, we see that in a basket of goods, in a steady income,

we can not have simultaneously only inferior goods. Indeed, if: %<O, i=1,_n

n
then: 1=>"p, % <0 which is obviously a contradiction.
i=1

The change in the demand of n goods, depending on the income, generates a
hypersurface in R™ (where m is given by the utility function nature) called Engel's
hypersurface. In particular, for a good reference, we obtain the well-known
Engel's curve which is the locus of change in its demand to price changes in
income in terms of constancy.

In the case of perfectly substitutable goods, the utility function is ([3]):
U(X1,....Xn)=a1X1+... FanX, 8i>0, i=1,_n
n
and if 2= —2n gl the points (Xy,....X, ) of the budget hyperplane > p,X; =V
pl pn i=1

are optimal consumption basket components. At a change from the income V to V'
, the condition of proportionality coefficients of the utility function and prices

n
remaining valid, the new consumption basket verifies Y p;X; =V'. The two
i=1
hyperplanes being parallel, it follows that the locus of variation in demand for the
n —_—
goods is the Engel’s hyperplane in R™": > p;x,-V=0. If Jizj=1,n so that:
i=1

Coa
i;t—’ then we consider the partition of I={1,...,n}: I=lL...Ul, I;NI=D such
Pi P

that Yu,vel, we have: 4 _8 and for each uel, and vel;, p=t: a_uia_v.
pu pV pu pV
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Determining m%(xp where xp:a—” Yuel,, we obtain the locus given by:
p=1,

Py
> puX, =V, x,=0 Vvel-l,. Varying the income V, we obtained finally the Engel's
uel,
hyperplane of R™: > p,x, -~V =0, x,=0 Vvel-l,.

U€|p

In conditions that for a good B;, the consumption of the others is constant, we see

V- ZPuXu q
that: xizL_{'} from where ﬁ=i>0. Therefore, perfectly
Pi dv  p,

substitutable goods are always normal in the sense of income.

In particular, for two perfectly substitutable goods, if 4_2 then, in R®, the
P P2

Engel's plane is piXi+p.x2-V=0. If ﬁ>a—2 then the Engel's plane is pix;-V=0,
P1 P2
a,

X,=0, and if 4 .22 thenthe Engel's plane is p,X,-V=0, x;=0.
P1 Py

In care of perfectly complementary goods, for which U(X4,...,X,)=min(a;xy,...,anX,),

a>0, i=1,n , the optimal consumption basket is X = (X, ,...,X, ) where X, =

&P
a. L
Jéai

j=1,n. The Engel’s straight line is in this case:
-t j=in
Pi
ajZ— AeR,
i=1 ai
V=2>A

Xj

In the particular case of two perfectly complementary goods, we have:
a,n

P2, +P,a;

x,=—* 3 eR,
p,a, +pP,a,

V=»A
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. A . .
Noting —— ™ =p we can simply write:
P, +Poay
Xp =an

Xy =1 ’M€R+
V= (plaz + pzal)H

\Y dx ; 1
As above, because Xj=—7 5 we have: W: o >0. Therefore, the
a. S P a. S P
‘Eai ’Eai

complementary goods are always perfectly normal in the meaning of income.

In the case of independent goods in the meaning of utility, let consider the above
example of two goods B; and B, for which the utility function is U(Xy,Xa,...,Xn)=

3
\/x_l+‘{/x_§ . Since the optimal consumption is: x;= Sp; ( L +£V—iJ , Xo=

8lpy(\pi 4p; M
2
_8p; i2+8—13 LY we have: &, _ ! >0 therefore x;
8lp,(Vpr 4p; P P dv pz\/1+8lv
Vi 4p;
. . . . dx, _ 1 1
is normal in the meaning of income. Also =— +—>0 and
av 1 81 P,
PP, |5+ 5V
pr  4p3

hence X, is normal in the meaning of income.

4. The Elasticity of Demand

Another onset of the demand change relative to the prices, refers to relative
variations of the goods request in relation to their price or income allocated. The
concept of elasticity measures precisely the situation demand.

We will define the elasticity of demand in relation to the product price at the
time t,, relative to the initial time t; as:

X (1) - (t) A,

e = xi(ty) - X 0%
Ppi(t)—pit)  Ap 8p;
pi (t;) Pi
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where we note for simplicity x; and p; — the demand level and the price level
respectively at t;, 8x; and 8p; being the relative variation of x; and p; respectively at
the moment t;.

We will define the elasticity of demand in relation to the product price at the
time ty, relative to the initial time t, as:

X (t) = x;(ty)  AX;

e = Xilt) X _8x(1+3p))
) -pit) AP 8pi(L+ x;)
p;i(t,) p;

where we note for simplicity x; and p; — the demand level and the price level
respectively at t,, x; and dp; being the relative variation of x; and p; respectively at
the moment t;.

For a more accurate measurement of elasticity, it can be used the arc elasticity of
demand in relation to the product price, relative to the times t; and t:

Xi(tp) = X;(ty)
X () +x;(t,)
e - 2 _ 9x;(2+5p;)
4R pi(ty) - pi(ty) op; (2 +8x;)
pi (t) +pi(ty)
2

where 8x; and dp; are the relative variation of x; and p; respectively, at the time t;.
One can easily check that:

2
ax,p; T 1 1
+
Sxivpi -1 vaxivpi -1

so the deviation from 1 of the arc elasticity is the harmonic average of deviations
from 1 of the elasticities in relation to initial and final “moments”.

In the differentiable case, we define the point elasticity of demand in relation to
the product price as:

dx;
_ X _dx; p
T
Pi
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From the above, it follows that the normal goods are those for which ¢, , <0 and
Giffen goods for which: ¢, />0

xl'pl )
We have now the well-know classification:

Ex. p, ‘ =0 — the demand is perfectly inelastic;

€y, p, ‘ €(0,1) — the demand is inelastic;

Ex p, ‘ =1 —an unitary elastic demand,;

€ €(1,0) — the demand is elastic;

Xi’pi‘

€ =oo - the demand is perfectly elastic.

Xivpi‘

Let us note, also, that the elasticity being a point-wise concept, it can vary
depending on the product price and therefore its character may change over time.

So we have:

de, , _ d (dx; p 1 (d?x, dx,
Vi = 2| =— +Xi — 1
dp; dp; Ldp; X; Xiz dpi2 dp;

2
Therefore, on the demand curve where a7 + X, %20 the elasticity is increasing

2 _
1 I

d’x; ax;, . . . . .
>-+X; —<0 it is decreasing relative to

like function of the price, and where
dp; dp;

the price.

In particular, for a linear function of demand for a normal good: x;=a-bp;, a,b>0, we
2

d XZ‘ +xi%=-bxi<0 so the elasticity of a linear demand function for a

normal good is strictly decreasing. On the other hand, for x;=a-bp;, a,b>0, we have:

:%.&: _bpi = bp| . Because |im8X> =0, |img>< n =0 €, =-1
dp, x, a—bp, bp -a o0 X T

Xi o
b 2b

have:

follows that the linear demand function for a normal good is elastic for pie
i,i , Is unitary elastic for pi=i and inelastic for p;e 0,i .
2b'b 2b 2b
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Returning to our general discussion, the income obtained from the sale of X; units is
V=pix;. Differentiating this equality, we get:

dV=xidpi+pidx= pixi(%"'%j: pixii%_"%gx pJ: Xi(l"}'sxv P bpi
i X i i o
Therefore, at an increase in the price of the product (dpi>0), the income will

increase (dV>0) if and only if &, , >-1 which happens in the inelastic demand case

or for Giffen goods, and at a reduction in the price of the product (dp;<0), the
income will increase (dV>0) if and only if ¢, , <-1 which happens in the case of

elastic demand for normal goods. In the case of unitary elasticity of normal goods (
€y p, = 1) we have dV=0 so we do not suffer any revenue earned change. In this
case, the effect of price changes (up or down) has no consequence in terms of total
receipts from the sale of the product.

Another type is the cross-elasticity. We define thus:

e The cross elasticity of demand for the i-th good in relation to the price of
the j-th good at time t,, relative to the initially time ty, as:

Xi(ty) = x;(t) Ax;

. - X (ty) - X 2%
B h ) 5,
p;(ty) Pj

e The cross elasticity of demand for the i-th good in relation to the price of
the j-th good at time t,, relative to the final time t,, as:

Xi(t) —xi(ty)  Ax;

. _ Xi(tZ) : Xi :8X|(1+8pj)
0 B -y (6) A, opy Lo,
p;(t,) P;

e The arc cross elasticity of demand for the i-th good in relation to the price
of the j-th good, as:
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Xi(ty) —x;(ty)
X; (ty) + X (t,)

) :f:é}xi(2+8pj)
a,X;,pj M 6p1(2+8X|)
2

e The point cross elasticity of demand for the i-th good in relation to the
price of the j-th good, as:

dx;

X7i dx; P
T

Pj

The cross elasticity of demand relative to the price of another product means the
percentage change in demand for the first good at a percentage change of the
second good price.

From the above, we have that the i-th good is a gross substitute for the good j if
Ex, p; >0 and the i-th good is gross complement for good j if &, , <O0.

Xi,Pj —

The income corresponding to x; units of good at the price p; is: V=pixi+p;X;.
Differentiating this equality, we get:

. . dp. dx.
dV=xdpi+pidxi+x;dp+pidx;= p;X; {% + dij +PX; LR
P i P; X
~ dp. dp. dp.
piXi %J’_&SX P +p]XJ ﬂ—"_&gx,p» =
pi pJ v pj pJ i
X;dp; +xjdpj +&Xi8x- p_dpj +X&y p,dpj.
pJ Py IR

Assuming constant p; we finnaly get:

dV=x,dp; +%xisxijdpj +X€ dpj:[xj +%Xisxi,pl +Xeg ]dpj =

17X5.p; i7%5.p;
j i

(o3 (L+ 8, p, )+ PixiEx p, o0
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An increase of the revenue earned (dV>0) to an increase in the j-th good price
(dp;>0) will be happened if and only if pjxj(1+.sxj_’pj )+pixis >0 and at a

Xi:Pj
decreasing (dp;<0) if and only if: pjxj(1+ Ex,p; )+ PiXi€x, p, <0.
Thus, for normal goods with inelastic demand or Giffen we have: pjxj(1+ ng'pj)

>0, so their gross substitute (Sxi,pj >0) will lead to an increase in income when the

price increase. For the same goods j, the necessary condition (but not sufficient) for
increased income to a reduction of the price is that the i-th good be a gross
complement to j.

For normal goods with elastic demand we have pjxj(1+sijpj )<0, then the

necessary condition (but not sufficient) to increase revenue at an increasing of the
price that the i-th good to be a gross substitute for j, and if the price is reduced the
gross complementarity condition is sufficient.

A final type of elasticity is based on income. We define thus:

¢ the elasticity of demand with respect to the income at time t,, relative to the
initial time t; as:

Xi(t) = xi(t)  Ax;

X)) x
SVIV) VL) AV sV
V(t,) v

¢ the elasticity of demand with respect to the income at time t;, relative to the
final time t, as:

Xi(t) —x;(t,) Ax;

. _ X;(t,) _ X _06x;(1+3V)
PVTV(t) - V(L) AV sV(L+ox,)
V(t,) V]

¢ the arc elasticity of demand with respect to the income as:

X;(ty) =% (ty)
X; (t) + % (t,)

. _ 2 _8%;(2+8V)
PVTV(t) - V() sV(2+6x,)
V(t) +V(t,)
2
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¢ the point elasticity of demand with respect to the income as:

dx;
_ X _dx; V
xi,V av W'X
2

The elasticity of demand with respect to the income means the percentage change
in demand for product at a percentage change of consumer disposable income.

From the above, we have that i-th good is normal in the meaning of income if ¢,
>0 and the good is inferior if ¢, ., <0.

The products for which ¢, ,>1 are called superior goods (or luxury), and those for
which ¢, <1 - necessity goods.

5. Conclusion

The analysis of the behavior and nature of n goods in relationship with each other
is of fundamental importance. The classical analysis consider only two goods,
considering a partitioning in a good and the rest.

Several problems arise in this case: what happens when mixed nature of the goods
in that basket is left? How the cross-elasticities can be define when the basket of
goods contains different prices?

We hope that this article answers at some of these problems by treating goods and
obtaining global interesting results, particularly considering special utility
functions.
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