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Abstract: The consumption efficiency or production respectively, is of particular importance in the
view of Pareto efficiency. The classical analysis for two goods or two factors of production, is based
on the Edgeworth’s box that allows determining the optimal quantity, and price equilibrium. The
analysis which will follow, will deal this problem for the case of n goods or inputs, obtaining a
general method for determining the optimal quantities, namely the equilibrium price using a series of
relatively basic geometric tools.
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1. Introduction

The consumption efficiency or production respectively, is of particular importance in the
view of Pareto efficiency.

The classical analysis for two goods or two factors of production, is based on the
Edgeworth’s box that allows determining the optimal quantity, and price equilibrium.

The analysis which will follow, will deal this problem for the case of n goods or inputs,
obtaining a general method for determining the optimal quantities, namely the equilibrium
price using a series of relatively basic geometric tools.

2. The Efficiency of the Consumption

Consider, in the following, two consumers A and B and a number of n goods B;,...,B,
available in the quantities c,,...,c,, for which we know the utility functions of A,
respectively B as follows: U=Ua(Xy,...,Xy) and U=Ug(X4,...,X,) for consumption of x, good

units of By, k=1,n.

! Associate Professor, PhD, Danubius University of Galati, Faculty of Economic Sciences, Romania,
Address: 3 Galati Blvd, Galati, Romania, tel: +40372 361 102, fax: +40372 361 290, Corresponding
author: catalin_angelo_ioan@univ-danubius.ro.
2 Assistant Professor, PhD in progress, Danubius University of Galati, Faculty of Economic Sciences,
Romania, Address: 3 Galati Blvd, Galati, Romania, tel: +40372 361 102, fax: +40372 361 290, e-
mail: gina_ioan@univ-danubius.ro.

AUD(, Vol 8, no 4, pp. 117-125

117



ACTA UNIVERSITATIS DANUBIUS Vol 8, no. 4/2012

We assume below that the utility functions are of class C? on the inside space consumption
SC={(Xg,..sXn) | x>0, i=1,n}. It is also known that the utility functions are concave, so the
marginal utility is decreasing.

We will build in what follows the Edgeworth's box that is a n-dimensional parallelepiped:
[0,c1]x...x[0,c,], the quantities relative to A being relative to the origin O(0,...,0) and those
appropriate to B to the point F(cy,...,c,) on segments that define the n-dimensional
parallelepiped.

Let an initial allocation of consumption for A and B:
Xa=(0t1,..,0tn), Xg=(B1,.-,Bn)
where oy +py=Ck, k= 1,_n (A and B consume all the available products).
The utilities consumption corresponding to the first two wvectors are therefore:

Uao=Ua(au,...,a), respectively Ug o=Ug(B1,...,Bn) relative to A, respectively F.

Since By=Cy-0i, kzl,_n we have: Ug=Ug(Cs-auy,...,Ch-0ty). The B's utility function is then,
relative to A:

U= U'B (X1y.0,Xn)=Ug(C1-X1,...,Cn=Xn)

Let note that the notation U'B is the expression of Ug relative to the origin of the

coordinate axes and not the derivative of Ug (which otherwise do not exist globally). From
now on, during the presentation of the problem, we consider the utility function of B of this
form.

We now have:

dUg _0Ug(C1—Xy,Ch —X,) _ OUg - _U,,..i=ln
oX; oX; X ’

UIBm,i =

9?Uy _i(_OUB(cl—xl,...,cn—xn)] Uy .. —
J

= = JLj=4n
OX;OXj  OX; oX; OX;0X;

so the function U'B is still concave, but it has negative partial derivatives.

Considering the isoutilities hypersurfaces, follows that (relative to O) those of A is convex,
while that of B is concave.

Let ZUA,O:{(xl,...,xn)eSC| Ua(X1,....Xn)=Ua o} — the consumer zone of A with higher utility
than Upo and ZUg o={(X1,....X,)€SC| U'B (X1,... %)< U'g o } — the consumer zone of B with

higher utility than Ugo. Assume now that int (ZUA’0 mZUBYO);t@ (int - the inside of set,

i.e. those points for which exists an n-dimensional cube centered in them and small enough
side included in the given set).
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Let also F(yl,...,yn)eint(ZUA’O mZUB,O) and consider the straight line which passing

through the origin and I'. Let note W¥(yi,...,wn) — the intersection with the utility
hypersurface Ua=Ua and with Q(w;,...,@,) — the intersection with the utility hypersurface

UIB:UIB,O' We therefore have: Ua(yi,...,yn)=Uao and U'B(col,...,oan): U'go. Since

(y1ye-ryn)>(w1,...,yn) from the P.7 axiom of the relationship of preference ([2]) follows that
'>W (I is preferred to W relative to the consumer A) s0 Ua(I)>Ua(W)=Uap. Similarly,

(y1,-.,Yn)<(01,...,00,) implies T'> Q) relative to the consumer B) therefore U'B (N)< U'B Q)=
Ugo.
Following these considerations, we have that if int(ZUA’0 mZUBYO);&@ then each of the

two consumers can enhance their utility, so the initial allocation is not optimal.

We will call Pareto efficiency where no consumer allocation can improve without affecting
other interests.

From the above, Pareto efficiency is achieved that when the utility hypersurfaces become
tangent.

The condition of tangency for  U=Ua(Xy,...%,) and U=U'B(x1,...,xn)=
Ug(C1-X1,...,Cn-Xpn) is reduced to determining those points (Xj,...,X,) for which:
oU, _ k@U'B

OX; OX;

, i=ﬁ, reR

i.e. the points where the hypersurfaces will intersect and have the same tangent hyperplane
(the directors parameters are proportional). In terms of utility of B, we have:

U’y Uy
XppeeyXp ) =—
8Xi ( 1 n) aX

(€, —XqyeCpy — X;)

from where the above condition becomes:

U, dUg
XiyeXp ) =
6X- ( 1 n) u aX-

(€, —Xy,eiCpy —X,,)  i=L,N, peR

In marginal notation, we have:
Uami (X0 X,) =Ug i (€ = Xg,...,C =X, ), i=,n, neR
For two goods, the relations Uy, =uUgy; and Uy, =pUg,, are equivalent with:

U U U
—Aml _ ZBML On the other hand, —20L = dX—Z|A = RMSx(1,2) — the marginal rate of
Uam,2 Bm,2 Am2  OXg
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— Ugmi dx,
substitution between the goods B, and B, for A, and ——— =—|B =RMSg(1,2) — the
Bm2 OXg
marginal rate of substitution between the goods B; and B, for B. The above equality
becomes:

RMSa(1,2)= RMSg(1,2)

All points where the allocation is Pareto efficient (the solutions of the above problem)
generates the so-called curve of the contracts.

The contract curve represents all combinations of goods for which none of the parties can
maximize utility without him diminish the other.

On the other hand, any point on the curve of the contracts represents a possible allocation.
The problem is: if one of the two buyers wants a basket of products that maximizes his
utility, another buyer agrees to buy what is left? The problem is very real and, fortunately,
relatively easy to solve.

Consider then the n goods prices (which we neglected to this moment) py,...,pn. FOr an

n
income V, the budget hyperplane »'p,X, =V (all combinations of goods that can be
k=1

purchased by the amount V) maximizes the utility (in the meaning of Walras) if it is tangent
to its hypersurface, in which case, after the second law of Gossen, the marginal utilities are
proportional to prices of goods.

As each consumer wants to maximize utility, results:

Uama (X3 X5) _ U amn (X15.X3)
Py Pn
Uerl(Cl_Xl""’Cn _Xn) == UBm,n(Cl_xl’---ycn _Xn)
P1 P,

so the budget hyperplane will be tangent to the two utility hypersurfaces, that is will
coincide with the common tangent hyperplane to them.

Considering the contract curve of the form:
X1=f1(A),... X =fh(A), AeR

it follows that the price determination will be made from a single set of equality above (the
other derived from proportional marginal utilities on the curve of contracts). So we get:

Upna (10,50 09) U (510,052 ()
Py Pn

from where:
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U f.),...F. (A —
JLZET GTCORE AYC) N
Uama(f(2),...F, (1))
We note that prices are determined to a multiplicative factor, which does not affect the
outcome of the problem. We can consider v=1 due to the fact that a multiplication by a

constant factor prices do not affect the parameters of the budget hyperplane, implicitly its
orientation. If the initial allocation was Xa=(o.y,...,0tn), Xe=(B1,-.-,pn) follows that A’s budget

n
is: V=Y "p,a .
k1

n
The new quantities (which satisfy also the budget equation Zpkxk = V) implies that:
k=1

2P (o =%, )=0
k=1

Substituting the expressions of py in this equation, it follows:

0, U pr (1 (), (1)
20 s (B0t 0) (o

«—TFi(2))=0

hence AeR. Substituting in the appropriate expressions, resulting px and X, k=1,_n .

Example

For B; and B, — two goods available in the quantities a and b, let consider two consumers A
and B for which the utilities surfaces are of Cobb-Douglas type:

Ua(X1,X2)= CXX5* , 0e(0,1), C>0, respectively Ug(x;,x;)= DxPx5*, Be(0,1), D>0

In order to obtain the curve of the contracts, we will determine first the transformed utility
function of B. We have therefore:

U IB (Xl,Xz): UB(a-Xl,b-Xz)
from where:
UIB (Xl,Xz): D(a — Xl)ﬁ (b — X2 )17[3
Also:

Ua (X1,%5) = Coxy ™', aaU_A(Xl’ X,) =C(L-a)X;%;”,
1 X2
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o0Ug

0X,
o0Ug
0X,

(@a=x;,b=x,)= DB(a_Xl)ﬁil(b_xz)liB ,

(@-x;,b-x,)=DA-B)a-x,f (b-x,)"

The contracts curve points satisfying:
{ Caxi x5 =Dp(a- ) (b -x, )
Cl-a)xix," =uDAL-B)(@—x, ) (b—x,) "
from where:

bp(l—a)x,
ao —aaf + (B —a)x,

XZ:f(Xl):

In order to determine the prices of both goods that maximizes the utility of A and B in
terms of an initial allocation for A: XI:'y, X; =5, we will write the contracts curve in the
form:

X, =f(A)=A

Xy =t,0)= — DPL=a

ao —aaB+(B—ar

We have now:

aa—aaB+(B—a)kV
apb

p;=v and p,=

ao —aof + ([3—(1)%

For v=1, we obtain: p;=v and p,=
of3b

Because the initial allocation was XI=y, X; =3 it follows that the disposable income of A

is:  V=p; XI+p2 X; =py+p8.  On  the other hand: V=pix;+pxx, therefore:

- yof3b +aod —acfo
Bb—PBd+ad

. Therefore:

(ac. —aaB)Bb —BS+ad)+ (B — o\ yapb +aod — aaBd)
apb(Bb—p&+ad)

For these prices, the final allocation of goods for A is:

plzll p2=

_yopb+aad—aaBd
Bb—Bd+ad

1
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bB(L— a Xyapb +and —acfd)
(ac. —aaB)Bb —BS+ad)+ (B — o\ yopb +acd — aaBd)

Xo=

3. The Efficiency of the Production

Consider, in the following, two products A and B and a number of n inputs Fy,...,F,,
available in the quantities s;,...,S, for which it is known the production functions of A and B
as follows: Q=Qa(Xy,...,Xn), respectively Q=Qg(Xy,...,Xn) appropriate for the consumption of

Xk units of factor F, k=1,n.

Similarly to the case of consumer efficiency, we build the Edgeworth’s box that is the n-
dimensional parallelepiped: [0,s;]x...x[0,s,], the quantities relative to A being referred to
the origin O(0,...,0), while those at B to the point F(ss,...,S,) on segments that define the n-
dimensional parallelepiped.

Let an initial allocation of factors of production for A and B:
XA:((le---xan)y XB:(Bly"an)
where ou+By=Sk, k=1,_n (A and B consume all the available inputs).

Doing similar as in the previous section it shows that the maximum efficiency in production
is reached when the production hypersurfaces become tangent, which is to:

Nai (Xgs0Xp) =g (S —Xq,08, —=X,) ,i=L,n, peR

Qa

0 . . . . .
where nai= is the marginal productivity relative to the production factor x; and
i
analog for B.

For two inputs (K and L), the above relations are equivalent with: Nak ek o the

NMaL MsL
other hand, Nak =d—L A =RMSA(K,L) — the marginal rate of technical substitution of
MNaL
: Mex dL, _ . . I
capital for A, and = R s =RMSg(K,L) — the marginal rate of technical substitution
Me,L

of capital for B.
The above equality becomes:
RMSa(K,L)= RMSg(K,L)

All points where the allocation is Pareto efficient form the contracts production curve.
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Considering now the prices of the n inputs being ry,...,r, we get as above that a maximize of
production requires that:

Naz(Xy0X,) _ _MNan (Xg5eXp)
" .. .

on the production contract curve.

Considering the production contract curve of the form:
X1=01(A),... Xn=0n(A), LeR

follows:

T.lA,l(glo")!"'vgn (7\')) - 1/IA,n (gl(?\‘)v"'vgn (7\'))

rl rn

from where:

A® ()8, 09)
nA,l(gl(y\')v""gn (7\'))

We note that prices are determined to a multiplicative factor, which does not affect the
outcome of the problem and can therefore be considered v=1. If the initial allocation of
factors of production has been Xa=(c,...,an), Xg=(B1,....5n) follows that the total cost of

, v>0, k:1,_n

n
production resulting value of A is: CT= ) r.o, .
k=L

n

The new quantities of factors (which also satisfy the same total cost: Zrkxk =CT)
k=1

implies:

n
2 N(oy =%, ) =0
k=1

Substituting the expressions of r in this equation, it follows:

USRI

=R RO O N ~9c(1)=0

hence AeR. Substituting the appropriate expressions, resulting ry and Xy, kzl,_n .
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4. Conclusion

From the analysis made above, we saw that in the treatment of Edgeworth’s box, the
reporting of all quantities to the same point and the n-dimensional approach allow for
general conclusions and equations for determining the equilibrium prices and quantities.

Applications for n=2 have allowed the correlation of the known results with the conclusions
of the theory presented above.
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