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On the General Theory of Production Functions
Catalin Angelo loan®, Gina loan?

Abstract: In this paper we will study from an axiomatic point of view the production functions. Also
we will define the main indicators of a production function, extending the classical definitions to n
inputs and introducing other new. We will modify the notion of global average productivity and
replace it with more realistic indicators. On the other hand, the notion of global rate of substitution
will be introduced to the analysis of n goods.
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1. Introduction

In any economic activity, obtaining a result of this means, implicitly, the existence
of any number of resources required for a good deployment of the production
process. We will assume that resources are indefinitely divisible, which implies the
possibility of using specific tools of mathematical analysis to onset specific
phenomena.

We then define on R" the production space for n fixed resources as
SP={(X1,...,Xn)|Xi20, i=1,_n} where xeSP, Xx=(Xi,...,.Xn) is an ordered set of
resources.

Because inside a production process, depending on the nature of applied
technology, but also its specificity, not any amount of resources is possible, we will
restrict production space to a subset D,cSP — called the domain of production.

In the context of the existence domain of production, we will put the issue of
determining its results (output) depending on the resources (inputs) of D,.

We will call a production function an application:
Q:Dy—=Ry, (X1, Xn)2Q(X1,.... Xn) €RV (Xy,...,Xn) €Dy
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For an efficient and complex mathematical analysis of production functions, we
will require a series of axioms (but not all essential) both its definition domain and
its scope.

FP1. The production domain is convex.

Dy’s convexity only means that if X=(X1,..., Xn), Y=(Y1,...,Yn)€D, then VAel[0, 1]
follows Ax+(1-L)y=(AX1+(1-A)y1,...,.AXnH(1-A)Yn) €Dp.

FP2. If all resources are zero then the output is zero.

The FP2 axiom states that Q(O0,..., 0)=0.

FP3. The production function is continuous.

The continuity, purely mathematical, means that for any fixed point (X;,....X,) of
the domain of production D, and a range of inputs (Yi)k=1, Y«k= (yfyﬁ) that
converges to (X,,....X, ), the production Q(y¥...,y* ) converges to Q(X,,...., ).

An axiom, not necessarily required, but very useful for obtaining significant results
is:

FP4. The production function admits partial derivatives of order 2 and they are
continuous (the function is of class C? on Dy).

Before commenting on this axiom, let note that all elementary functions are of
class C” on their domain of definition. Therefore, the class membership C* is no
way restrictive. It should also be noted that a function of class C¥ k>0 is
continuous, therefore the axiom FP4 implies automatically FP3.

FP5. The production function is monotonically increasing in each variable.

The FP5 axiom says that, in caeteris paribus hypothesis for any i=1,n , if x2y; then:
QXy, X 1, %, X111, %, )2 Q(Xpr X, 4, Vi Xi,1, X, ) VX, 20, k=1n, k=i such that

()_(1"")_(i—lixi7)_(i+l’)_(n)’ (Xl"")_(i—l!yi ')_(i+1')_(n)EDP'

Q

If the function Q is at least class C*, the increasing monotony is equivalent to: Py
i

>0, i=1,n.

From the axiom FP5 follows the global increasing related to the inequality

relationship of R":

FP5’. The production function is monotonically increasing with respect to the
relationship of inequality of R".

Indeed, if X;2y4,...,. X2y, then:
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Q(X1, X250 Xn)2Q (Y1, X2000 ., Xn)2Q(Y1, V2ree i Xn)>. . 2Q (Y1, V2,.-4,Yn)
A condition often mentioned in the definition of production function is:
FP6. The production function is quasi-concave.
The quasi-concavity of a function means that:
Q(x+(1-1)y)=min(Q(x), Q(Y)) V1[0, 1] X, yeD,

Geometrically speaking, a quasi-concave function has the property to be above the
lowest values recorded at the ends of some segment. This property is equivalent
with the convexity of the set Q[a, o) YaeR, where Q'[a, «0)= {xeR,| Q(x)>a}.

On the other hand, let note that any monotone function defined on a convex set is
quasi-concave, so the condition can be eliminated.

To simplify further considerations, however, we require an additional condition,
namely:

FP6’. The production function is concave.
The concavity of a function means that:
Q(Ax+(1-1)y)=AQ(x)+(1-1)Q(y) VA<[0, 1] VX, yeD,
or, in other words, its graph is above all straight line determined by any points of it.

Let note also, that a concave function defined on a convex domain is automatically
quasi-concave (but not each other).

Following the concavity, we have that the production increases more slowly with
amplification of production factors.

Considering a production function Q:D,—R. and Q eR. - fixed, the set of inputs
which generate the production Q called isoquant. An isoquant is therefore
characterized by: {(xl,...,xn)er|Q(xl,...,xn)zﬁ} or, in other words, it is the
inverse image Q(Q).

We will say that a production function Q:D,—R. is constant return to scale if
Q(AX1,..., AXn)=AQ(X1,...,Xn), with increasing return to scale if

Q(AX1,..., A%n)>AQ(X1,...,Xn) and decreasing return to scale if
Q(AX1,.., AXn)<AQ(Xy,...,.Xn) VAE(L, 0) V(Xy,...,Xn) €Dp.
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2. The Main Indicators of Production Functions
Let a production function:

Q:Dy—Rs, (X1,...,Xn)>Q(X1,...,Xn) ERV(Xy,...,Xn) €Dy
We will call the marginal physical production (marginal productivity) relative to a

production factor xi: m, - R
'OX;

at the variation of the factor x;.

and represents the trend of variation of production

0
In particular, for a production function of the form: Q=Q(K, L) we have m@@—i -

0
called the marginal efficiency of capital and ana—E - called the marginal

efficiency of labor.

We call the average physical production (productivity) relative to a production

Q

factor xi: W, =— and represents the value of production at the consumption of a
1 X

unit of factor x;.

In particular, for a production function of the form: Q=Q(K, L) we have: W,@% -

called the productivity (efficiency) of capital, and WLZ% - the productivity of
labor.

In the general case of the variation of all inputs, for k; units of input 1,...,k, units of
input n, we will consider first the simple way y:[0, 1]-R", y(t)=(tky,..., tk,). This is
nothing more than the large diagonal of the n-dimensional parallelepiped: [O,
ki]x...x[0, ky]. Let also the differential form:

dQ= @ dx1+...+@dxn
0X, X,

that is continuous everywhere after the C? character of Q. Along the path v, the
integral of dQ is defined by:

Q

X,

100 = J[ 22 (5,01t O O+ ot 22 (a e (O (O [
OX
b 0 1
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Where vyi,..., yn are the components of y. The Leibniz-Newton's theorem for exact
differential forms (forms with property 3Q such that o=dQ) states that: de

=Q(v(1))-Q(v(0)).
In the present case:

Qks,..., k)-Q(0, .., 0)=.1[(§(k1t,...,knt)kl +...+§X—Q(k1t,...,knt)kn]dt =
1

0 n
1 1
Ky [N, (Ketseo K t)dt .k [, (Kt Kt
0 0
Because Q(0)=0, resulting the final formula:

1 1
QKey-ees k)= Ky [ 11, (Kytyeens Kot 4ot K [y (Kot K et
0 0

The marginal coefficient of a factor x; is v, :Z_)((Qi and represents the trend of

variation of x; (caeteris paribus) relative to Q or, otherwise, the change production
needs for an additional input at an infinitesimal variation of production.

In particular, for a production function of the form: Q=Q(K, L) we have: yK:% -

the marginal capital coefficient and y = S—Q - the marginal coefficient of labor.

. .. . X ..
We will call also, the average coefficient of a production factor x;: Vy = —L anditis

Q

the necessary of factor (caeteris paribus) to achieve a given level of production.

A

In particular, for a production function of the form: Q=Q(K, L) we have: vx=— -

Q

. . L .
the average coefficient of capital, and v, = 6 - the average coefficient of labor.

It is obvious that:

and, if caeteris paribus hypothesis:
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1 1
nxi -, YXi e
Tx Ny
In particular, for Q=Q(K, L) we have:
1 1 1 1 1 1 1 1
Vk=— Wk=—, V=— W= —  Nk=—, VK= — N5 —, VL= —
Wy Vk Wy, Vi Tk Nk YL um

It is called global average productivity the ratio of output produced and the sum of
all factors of production used:

With the concept of the notion of average coefficient of a factor of production, we
can write:

1 1
Wav,g= Q = =

n X n
Xj ' vai

n
i=1 i=1 i=1

By analogy with this notion, we will call global marginal productivity:

1
Wmarg, g n
D Tx
i=1
In discrete terms, we have:
1 1 AQ
Wharg, = = Ax =
Yy ' AX;
Ztn Zpq &M

therefore the marginal productivity represents the global changes obtained from the
additional production from each factor.

In connection with these last two indicators ought to make some clarifications. On
the one hand, the global average productivity and the overall marginal have the
disadvantage of dividing the production to an amount of heterogeneous factors of
production. On the other hand, geometrically speaking, the two types of
productivity are not clear and have not an unambiguous representation as in the
case of average productivity or marginal corresponding to a single factor.
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For this reason, we will define another indicator of global average productivity,
even if not appropriately respond to the objection above, will satisfactorily answer
to the second requirement.

We will call global average productivity in the meaning of the Euclidean norm, the
ratio of the production and the norm of the vector inputs:

_Q
Wav, gn— n
X}
i=1
We therefore have:
Q 1 1

T T B

i=1

Another useful formula can be obtained considering the angles that determine the
input vector with the coordinate axes:

T —
COSOi= ———, i=1,n
n
XX
i=1
It follows:
Q X X R
QK Ly ! =W, cosa;, j=1,n

X

Way, gn:n— X_ n
[ 4 B B
i=1 i=1 i

We will call now the overall marginal productivity in the meaning of the norm:

1
Wmarg, an— n
N
i=1
In discrete terms, we have:
W ot 1 AQ
marg, gn— n = . 2 = n
\/zyi Z(Axi)z \/mei)z
i=1 i (AQ) i=1
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Considering the factors i and j with ij, we define the restriction of production
area: Pijz{(xl,...,xn)|xk=ak=const, k=1,n, ki, j, x; XjeD,} relative to the two
factors when the others have fixed values. Also, let: Dy={(xi, X))| (X1,....Xn) Py} -
the domain of production relative to factors i and j.

We define: Qj:Dj—R. - the restriction of the production function to the factors i
and j, i.e.: Qij(Xia xj)=Q(a1,..., Ai-1y Xiy, QAjlyeeey aj_l, Xj, aj+1,...,an). The functions Qij
define a surface in R® for every pair of factors (i, j).

We will call partial marginal rate of technical substitution of the factors i and j,
relative to Dj; (caeteris paribus), the opposite change in the amount of factor j to
substitute a variation of the quantity of factor i in the situation of conservation
production level.

We will note below:

dx .
RMS(i, j, Dy)= — —1
dx,
Since Qjj(Xi, X;)=Qo=constant, we obtain by differentiation: dQj(x;, x;)=0 that is:
o0Q; 0Q;:
&dxi + &dx ; =0 therefore:
OX; OX;
Ry Q
_%_ OXi _ OX; i _ Moy
dx; 0Qz 0Q
—  a_ |p; X;j| Dy
aXJ ax] I
. .. nxi‘Dij . . .
We can write: RMS(i, j, Dy)= which is a function of x; and x;. In an
nxj Dj
arbitrary point iz&l,...,;n):
RMS(, j, x)=a &)
My, (X)

]

Now consider the case in which all factors consumption varies. Let therefore be an
arbitrary point x eD, such that Q(X)=Qo=constant and n, (x) =0, k=1n.

— n
Differentiating with respect to xwe have: O:dQ=Z@de from where:
j=1 OX
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n dx .
0,30

J#i

In terms of marginal production, we can write:

n de . de L .. n
Ny, + 2Ny —— =0. Noting —==y;, j=1n, j#i, follows: n, +>'n, y;=0.
Lo A dx; B

J# J#i

With the partial substitution marginal rate introduced above, we get:

n yj _
,;RMS(i, i, %)
J#i

The above relationship is nothing but the equation of a hyperplane in R™ of
coordinates (yi,..., ¥;,...y¥n) (the sign » meaning that that term is missing) that

intersects the coordinate axes in RMS(i, j, X). This hyperplane is the locus of
consumption factors variations relative to a change in the i-th factor consumption
such that the production remains constant and is called the marginal hyperplane of
technical substitution between factor i and the other factors (noted below Hpy ;).

In particular, for two factors, the marginal hyperplane of technical substitution
Yi

between the factor i and the factor j from R., is reduced to: ———— =
RMS(i, j, X)

dx ; dx ; ..o L . .
where yjzd—‘. Therefore, d—‘=-yj=—RMS(|, J,X) which is consistent with the
Xi Xi
definition of the partial marginal rate of technical substitution.
We will define now the global marginal rate of substitution between the i-th factor

and the others as the distance from the origin to the marginal hyperplane of
technical substitution, namely:

1 1 ™

” 1 __ nni,.(;)_ ; 2 (%)
\/}Z;:IRMSZ(i,j,x) }Z;%”ii(;) \/Enx;

RMS(i, X )=

We note that for the particular case of two factors, is obtained, as above:

Ny, (%)
Ny, (X)

]

RMS(i, X )=
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Considering Now V=(y,..., ¥;,.... ¥n)eHmi j we have: || = zn:yjz and from the
=L
ji

Cauchy-Schwarz inequality:

M e 1 Y|
__= |3y _> L =1
$Msaxﬂ 2] %RMS%JJ) %RMSQL@
J#i i

=1
j#i
therefore [ V] Z‘RMS(i,i)‘ :

Like a conclusion, the global marginal rate of technical substitution is the
minimum (in the meaning of norm) of changes in consumption of factors so that
the total production remain unchanged.

Considering now the marginal hyperplane of technical substitution:
izt RMS(i, J, X)

J#i

= -1 the equation of the normal from origin to it, is:

yl - — yi—l — yi+1 - — yn
——=- i i . i
RMS(i,1, X) RMS(i,i—1,x) RMS(i,i+1X) RMS(i, n, X)
from where:
yi - A
' RMS(iLx)
. -
[
RMS(IiI—l,X) AeR
Vi RMS(i+10)
L N
" RMS(i,n,x)
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The intersection of the normal with the hyperplane, represents the coordinates of

the point of minimal norm. We therefore have: i#_ =—1 from where:
=1 RMSZ (I’ J! X)
J#i
1
A=—— 1 and the point of minimal norm has the coordinates:
ERMSZ(LL;)
J#i
-RMS2(i,x) 1_ —— 1_ — 1 _|=
RMS(i,1,x) RMS(i, i, x) RMS(i, n, x)
) (o . o -
~ 5 (g (9l 00,y ()
25, (%)
j=1

J#i

which norm is nothing else that | RMS(i, x)!.

The coordinates of the above point is no more than minimal vector (in the meaning
of norm) of changes in consumption so that total output remains unchanged. We

will say briefly that this is the minimal vector of technical substitution of the factor
i.

In particular, for a production function of the form: Q=Q(K, L) we have:

RMS(K, L)=1K  RMS(L, K)="1-

L Mk

It is called elasticity of production in relation to a production factor xi: €, = !

Q
x;
Q

X;

W—x' - the relative variation of production at the relative variation of factor X;.

X
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Q
In particular, for a production function of the form: Q=Q(K, L) we have ng%z
K
Q
:v—K - called the elasticity of production in relation to the capital and st%z
- L
yv—L - the elasticity factor of production in relation to the labor.
L
3. Application

Considering now a production function Q:Dp—>R.:,  (Xi,....Xn)—>Q(X1,...,
Xn)€RV (Xy,..., Xn) €Dy With constant return to scale, let note for an arbitrary factor
(for example xy):

We will have:

Q(Xl:---: Xn)zxn Q(:_l ’ !h ’ X_nJ =Xn Q(Xl’ 'Xn—l '1)

n Xn n

Considering the restriction of the production function at meRﬂ‘lx{l}:
QX1 )= QUtgrernXns,l) We can write:

Q(Xli"'! Xn)zxn q(Xli""Xn—l)

With the new function introduced, the above indicators are:

. nxizaa—q,i:l,n—l
Xi
n-1 5
¢ nxnzq_2££)(|
i=L OYi
e W, =1 i=in-1
Xi
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0q
RMS(, j)= é‘ i, j=Ln-1

o1
aa
P
RMS(i, n)—n# i=Tn_1
Zi
oy,
. 16
RMS(n, j)— £l ,j 1Ln-1
ox;
a
RMS(i)= éx.z i=1n-1
n-1 n-1,
q aq
+
{q Zi67(1)(] Zl(ax J
J#i
n-1 a
55,
RMS(n) ] .
SR
=1\ OXj
09
Oy
£y =%, i=1n-1
%
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4. Conclusion

After the above analysis, we have seen that the analysis of production functions, on
the one hand from the axiomatic point of view and, on the other hand, on the
general case of n variables, reveals very interesting aspects.

First, even a very restrictive axiomatization removes some of the common
functions (Leontief case), it adds a more austerity to the notion, eliminating the use
of, often negligent, of the production function.

On the other hand, the extension of the main indicators in the case of n inputs,
allows the removal, on the one hand, of some absurd concepts from our point of
view, such as the global average productivity and replacing them with more
realistic indicators. On the other hand, the notion of global rate of substitution
removes the usual drawback of partial substitutions that restrict the scope
sometimes dramatically.
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