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Spatial Distributions of Regional Economiec Activity

The Equilibrium Analysis of a Closed
Economy Model with Government and Money Market Seair

Gina loan®, Catilin Angelo loan?

Abstract: In this paper, we first study the static equilibniof a a closed economy model in terms of
dependence on national income and interest rate fitee main factors namely the marginal
propensity to consume, tax rate, investment radktiaa rate of currency demand. In the second part,
we study the dynamic equilibrium solutions in terwfs stability. We thus obtain the variation
functions of national income and interest rateat#on and their limit values.
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1 Introduction

The purpose of this paper is to analyze a closedi@ny model so the situation
when net exports are zero.

After formulation of classical assumptions of thedal, we first study the static
equilibrium in terms of dependence on national imecand interest rate from the
main factors namely the marginal propensity to ooms, tax rate, investment rate
and the rate of currency demand.

In the second part, we study the dynamic equilibrgolutions in terms of stability.
We thus obtain the variation functions of nationabme and interest rate variation
and their limit values.
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2 The Model Equations([4])

The model equations are:

where:

1)
()
®3)
4
(5)

(6)
)
8
©)

(10)

D=C+I+G

C=c,V+C,, C>0, 6,1J(0,1)
V=Y+TR-TI, TR>0

Tl=riyY+To, riy0(0,1), TOR
I=iny Y+ir+lo, iny[J(0,1), <0, 1,>0
=G

D=Y

MD=mdyY+m,r+My<M,, md,>0, m<0, My>0
MD=M

dy

E:G(D-Y), o>0

dr

(11) dt =R(MD-M), B>0

D — the aggregate demand;

C — the consumer demand (a concave function of V);

| — the investment demand;

G — the government spending;

V — the disposable income;

Y — the aggregate supply (national income);

TR — the government transfers;

Tl — taxes;

dc d’c

cy — the marginal propensity to consume ®4(0,1), dv? <0;
riy — the tax rate, ¥1J(0,1);

iny —the rate of investmentsin(0,1);
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* i,—afactor of influence on the investment ratd);i
e r—the interest rate;

* MD - the money demand in the economy;

* mdy — the rate of money demand in the economy;

* m, — a factor of influencing the demand for curretfiiym the interest rate,
m<0;

* M —the money supply.

3 The Static Equilibrium

From (1), (2), (3), (4), (5), (6) we get:

(12) D=cy(Y+TR-riyY-To)+Cotiny Y+ir+lg+ G
The equilibrium condition D=Y in (7) implies: Ys(Y+TR-riyY-
T0)+C0+inYY+irr+Io+G therefore:

i Ir+cY(TR—To)+co+|O+6

(13) y=1-¢c @-riy)-iny 1-c,@-riy)-iny

With the notation:

(14) E=0,(TR-To+Cytlo+ C>0
we have:

ir. — I+ 1. —E
(15) y=1-¢ @-riy)=iny  1-c,@-riy)=iny

From the fact that ¢i1(0,1), in,0(0,1), ¢(0,1) we get that: 1y€1-riy)-iny>0 if
and only if:

1-in
Y S 1o -
(16) v
Similarly, from equation (8): MD=mgY+m,r+M,=M therefore:
m M-M,

— r r+
17) Y= md, md,
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The condition of equilibrium on the two markets ¢ge and services and
monetary):

Y = Ir_ - r+ 1 - E
1-¢,@-riy)-in, 1-c¢, @-riy)—iny
y =M +M—MO
md, md,

(18)
After solving the system results:
(M -M)i-c, 0= riy)=in, )-md, €
i,md, +m,(1-c, @-riy)-in,)
v mE+i (M-M,
imd, +m, (1-c, @-ri,)-in,)

(19)
We will note below, for simplification:

(20) A= imdy + m,(1- ¢, @-riy) =iny)
21) Q:i,(M - MO)+mrE
Q
22) r=N
from where: sgri()=sgnQ).
From formulas (19) we have therefore:

o . Q md, (TR-T,)
E——(l—rly)mdyﬁ—f
i:c md 2
ai, VN
o _ a2
din,, YN
or . . Q
05 100, (t-c,@-riy)=iny )5
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(24)
Also:

(25)
We get

(26)

13C

a—Y:(l—ri )m £+mr(TR_TO)
ac, YA A
ori, A2

oY Q

— =M, —

oiny N

oy _ . Q
—__|r_2

omd, A\

or ., Q
—=2m{1-riy)—

OCY r( Y)/\3
a_r——z C 2

o, O

or Q

—— =N, —

diny N
a—r:—Zir%

omd, N
now:

0% __2mmd, @-riy)°Q _mmd, @~ riy)(TR - Ty)

ac’ N N
0°r >
— =-2mmd, ¢,
oy TR
or Q
—-=-2m,md,
aing ' 3

. . . Q
amd$ = 2|r(1_ G (1_”Y)_|nY)F
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0%Y _ 2mi(-riy)*Q  mi@-riy)(TR-Ty)
acs N N
0%Y 22 Q
—=2mCc, —
ori2 YN
%Y _, ,Q
ain2 A
KAS 28
2 TS A3
omd;, A\

(27)
In terms of the sign, we have:

ocy

or | _ aY | _
ariy J B Sg'{ariY J =s0r(0)

(28)

sgf( 0%r J_Sg'{ 9%y J_SQ{QJ
2 |~ a2 | N
(29) omdy, omdy, A

The inequalilyQ:ir(IvI - M0)+ ME 0 becomes MMo- 't E.

After these considerations:

sgr‘(%) = sgr‘(a—Y] =-sgr((1-ri,)Q+(TR-T,)A)
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m,

Case IM<Mg- I E

13z

or a°r

i _ FY 32
If @ r'Y)Q+(TR TO)A >0: 0Cy <0, acy <0 then r is decreasing and

v o

2
concave with respect tq;caCY <0, 9 <0 then Y is decreasing and concave
with respect tog

o o
—ri — 2
If 20 r'Y)Q"'(TR TO)/\<O: ocy >0, ocy >0 then r is increasing and
oo
2
convex with respect toy¢ dcy >0, 9CY >0 then Y is increasing and convex
with respect to g

o o
<0 and 28-11)Q+(TR-Ty)A . oc, o ach
oY 0%y

2
<0 then r is increasing and concave with respe;cf)SY >0, acy <0 then Y is
increasing and concave with respegt ¢

i A=1y)Q+(TR-TyA

or a%r oY

ori ari . : : i

Y >0, 7"'Y <0 then r is increasing and concave with respect flv >0,
%Y

2
oMY <0 then Y is increasing and concave with respect ri

or 9% aY
ainy

i in2
ainy <0, ANy <0 then r is decreasing and concave with respeict,to
0°Y

.2
<0, diny <0 then Y is decreasing and concave with respeatto

or a°r

2
omdy >0, omdy <0 then r is increasing and concave with respect; md

Y 0%y
2
omd, >0, Omdy <0 then Y is increasing and concave with respect. md
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m,

Case 2M>M,- It E
o o o

. ¢y >0, 6c$ >0 then r is increasing and convex with respectytoa@Y >0,
a%v
oct >0 then Y is increasing and convex with respectto ¢

or a%r oY

. 9y <9 9MY 50 then r is decreasing and convex with respedt oY <0,
0°Y

i 2
My 50 then Y is decreasing and convex with respedtto r

or 9% aY

: — .
. 0Ny 50 9Ny 50 then r is increasing and convex with respecgo M >0,
0°Y

a2
ANy >0 then Y is increasing and convex with respectyo i
or a%r
omd, .5 omd
oY 0%y

2
omd, <0, Omdy 50 then Y is decreasing and convex with respectdg. m

2
¥ >0 then r is decreasing and convex with respect do; m

4 A Result on the Stability of Solutions of a Syste of Differential
Equations of First Order, Linear, with Constant Codficients

Lemma
Let the system of differential equations:
x b\ X
a e
&2 V)
dt ,a,b,c,d,effiR, X(0)=Xo, Y(0)=Y,.
Thenthm)((t) =X , tle(t) =Y , >~(, Y OR if and only if:
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ef i _ef
1. a=d, d=bc, beo: a=®Yo ™o p= €Y% Ko g E%~Xo o
f2
Yo =fXo with the solution:
X=X,
Y=Y,
_e
2. a=d=0, k0, c=0: f=0, b= Y0 , &0 with the solution:
X=X,
Y=Y,
_f
3. a=d=0, b=0, #0: e=0, c= Xo , 720 with the solution:
X=X,
Y=Y,
4. a=b=c=d=0: e=f=0 with the solution:
X=X,
Y=Y,

5. a=ck0, b=0: c,e[fIR with the solution:

X = —E+(X0 +E)eat
a a

v = C(Xo +—ejteat +(Y0 _ ce—zaf )eat N ce—zaf
a a a
a=__¢ C_eYO—fX0
=-— c=—0_"0
6. a=d>0, b=0: Xo , Xo with the solution:

X=X,
Y=Y,
7. a=ck0, b0, c=0: e,fIR with the solution:
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X :(Yo +£Jbtea‘ +(X0 _ bf —Zae]eat L bf —Zae

a a
Y = —f_ +(Y0 +f_)eat
a a

2
8. a=ad>0, b0, c=0: U with the solution:
X=X,
Y=Y,
9. ad, b,#0, (a-df+4bc=0, a+€0: e,fIR with the solution:

a+d a+d
X:(E%9x0+bvo+3g£5§?iﬂ}e2‘+[x0+4de'mik2‘+451239

(@+d)? @+d)>2
2 (a- —d)\a-d 2 _
Y = Y0+4af ceezt_(a_dxo+bYo+2bf+e(a d)ja d 5, . ce af2
a+d 2 a+d 2b b@+d)
_ . bf —de _ . ce—af
0=, 7 0=4——5
10. a#d, b,&0, (a-df+4bc=0, a+d0: @+d)” @+d)?® it the
solution:
X =X,
Y=Y,

11. (a-df+4bc>0, b0, a+dk0 and ad-be0 and\;#\, are roots of the equatiok®
(a+d\+(ad-bc)=0: effIR with the solution:

X = ket + ket - 948 TPr
' 2 ad-bc
y = A —a e + A,-a e + ce-af
b b ad-bc

where:
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de- bf

de-bf ce—af
A, —a)X,+(A, —a - +
- amao e E P b b
! )‘2_)\1
ce-af de—-Dbf
bY,-b -\, —a)X, -\, —a
B%mb ot e - male-(u-a)
2 )\2_)\1
12. (a-df+4bc>0, b0, ad-be0 and \;<0, A\,>0 are roots of the equation?-
bY _bce—af

(a+d)\+(ad-bc)=0:  ~  ac-bc
A 0OR is the negative root, with the solution:

de—Dbf M de-bf
ad-bc ad—-bc

v=[v,- ce—af M 4 ce-af
ad-bc ad-bc

x:(x0+

~-(\-a)X,-(A, -a)

ac-bc=0 where

13. (a-df+4bc>0, b20, a+d0, ad-be0 and\,#\, are roots of the equation?-

_ bf —de _ ce—af
(a+d\+(ad-bc)=0: = ac—bc °

X =X,
Y=Y,

14. (a-df+4bc>0, b=0, &0, a,&0: e,fIR with the solution:

a-d .,  bf-de
e +

X =k,
c ad—-bc

Y = ke™ + k,e™ yee-at
ad-bc
where:
cX, — ¢ bf —de
k. = ad-bc
! a-d
(a—d)YO _ ce—af (a—d)—CXO +be —de
k, = ad-bc ad-bc

a—d

13¢
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ce—af +df
(a-d)v, -cx, -ce-ar+dl
15. (a-df+4bc>0, b=0, &0, a<0, d>0: d =0 with the
solution:
X :(x0 +E]e'°“ -8
a a
Y= (Yo _ce-af )eat L ce—af
ad ad
_&
16. (a-df+4bc>0, b=0, &0, a0, ok0: a= Xo with the solution:
X = —E
2 f
ce-a ce
a-d)Y, - a—-d)-cX,——
Y:( ) 0 ad ( ) 0 a dt+ce_af
a—-d ad
_& v =Kot
17. (a—d)2+4bc>0, b=0, &0, a,>0: a= Xo and ° d with the solution:

X=X,
Y=Y,
18. a#d, a,&0, b=c=0: e[fIR with the solution::
X :(xO +E]e'°“ -£
a

a
Y :(YO +1]e0It i
d d

_f

19. a#d, &0, >0, b=c=0: &IR, d= Yo with the solution:
X =(xO +9]eat _€
a a
Y=Y,
&
X

20. a#d, &0, &0, b=c=0: a= "*0 with the solution:
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f

e
21. a#d, a,0, b=c=0: a= X0, d= "o with the solution:

X=X,
Y=Y,

22. (a—d)2+4bc,<0, 20, a+ck0 and A;=0+if, A,=0-i3, B£0 are the roots of the
equationA?-(a+d\+(ad-bc)=0: e[fIR with the solution:

X = [XO + ZZ_ Efcje“‘ cospt -
(a - gad-bc)X, + (a - a)(de—bf) - Had-bo)Y, + Hce-af) 4 . de- bf
B(ad-bc) &SIt 4 be
Y = [XO +%]%aem cospt +
CXO(ad— bc) + c(de— bf) + (ad— bc)(cx —a)Y0 - (ce— af)(cx - a) at
B(ad— bc) e" sinft -
(a - aad-bc)X, + (a —a)(de-bf ) - Had- ba)Y,
Had- bc)

23. (a-dY+4bc<0, b20, a+0 and A;=a+iB, A,=a-iB, B#0 are the roots of the
with the solution:

X =X,
Y=Y,

24. (a-dY+4bc<0, b20, a+d=0 and\;=a+iB, \,=a-iB, Bz0 are the roots of the
equationA?-(a+d\+(ad-bc)=0: efi0].
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5 The Dynamic Equilibrium
Let the system of first order differential equason

dy
—=a(D-Y
pm ( )

S =B(MD - M)

(30) 'd ,a,B>0
From (12) we have: D=/-cyriyY+inyY+i r+E
from where:

Z_T:C((CYY —CyliyY +in, Y +ir+E-Y)

ﬂ=B(deY+mrr+M0—M)

(3 1) dt
or otherwise:

%Z_GXYY +ai,r+aE

A~ gmd, Y +Bm,r+B(M, - M)
(32) dt
where we notgy=1-c,(1-riy)-iny>0

In matrix notation, the system becomes:

dy
dat | _[~axy ai )Y . aE
dr | 7(gmd, Bm 1) \B(Mg-M)
(33) dt
_ _ imY(@)=Y limr(t)=7
Using the above lemma, it follows thdt: , e

and only if:
1. (axy+pm,)*+4api;md,=0 then:

VYL TR, if
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i - - Oy +Bm,
v :(_axv_wmrvo v ai 1, - g 2BMo = M)~ E(ax +er)}e o
2 axy _er
S (M. =M)) B M — M) —
(YO+4C(erE I’(MO IZ\A)J 2 t+4(;(B|r(MO M) mer
(axy —=Bm,) (axy —Bm,)
- axy +Bm,
r={r0+4a[3XY(M° M)J'deE}e 2 ' _
GXY _er
i —OXy +Bm,
Xy *+Bm, Y, —ai,f, +a ZIrB(MO _M)_E(GXY +Bm,) | axy +.er texft _
2 axy —Bm, 2ai,
mdy E +Xy (Mo —M)
ir(aXY _er)z
g :4O(B|r(MO—M)—erE
(GXY _er)
T =-4 mdy E +xy (Mo - M)
= : _ .
and: i(axy —Bm,)

2. (axy+pmy)*+4afi;mdy>0 andA.#\, are roots of the equatiok®+(axy -Bm)A-
ap(xymy+iimdy)=0 then:
mE-i (M, -M)
Xym, + irde
p=M T aXy ket + A, *OXy ke - md, E +x, (Mo =M)

Y = ke + ket +

ai, ai, Xym, +imdy
where:
~ mE-i,(Mg-M)_ . md/E+xy,(Ms—M)
k =()\2+O(XY)Y0 ()\2+GXY) Xym, +imd, Ao~ Xy M, +i;mdy
1 Ay —A,
. . deE+xY(M0—M)_)\ v+ m,E=i (M, -M)
k R m, +i,md, s vaxJ¥o + s ax) XyM, +i;mdy
2 A=A
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mE-i, (M, —M)

XYmr + Irde
_deE+XY(MO _M)

Xym; + Irde

Y =

T=
and:

3. (axy+pm,)*+4afi;mdy<0 and\;=p+iv, A\,=p-iv, v£0 are roots of the equation:
A%+ (axy-Bm)A-aB(xyme+imdy)=0 then:

v =[ v =meE Mo =MDy o
° XYmr+irde
(XYmr+irde)[(lJ+uXY)Y0_uirro]_(p+uXY)mrE+|Jjr(MO_M)_airdeE

- e sinvt +
V(XYmr + Irde)

mE -i (M, -M)
XYmr+irde

r:[Yo_mrE_ir(MO_M)\u"'qXYe}lt

Xym, +imd, ) ai
(XYmr +imdy )[BdeYo +(|»1+GXY)ro]_[3de (mrE —i r(Mo - M))+(deE+XY (MO - M))(P+GXY) at

v(xym, +imd,)
(XYmr+irde)[uirrO_(H+GXY)YO]+(H+QXY)(mrE_ir(MO_M))
air(XYmr + irmdv)

cosvt +

r

sinvt +

mE-i (M,-M)
Xym, +imd
(e, + i;md ot 1, = -+ axy Yol + -+ uxy Y, E =i, (Mg = M))
C(ir(XYmr + irde)

Y=

T=

and:

6 Conclusions
The above analysis highlights the following issues:

m

At an offer of money M upper limited by d»/lir E where E=¢(TR-

To)+Co+I0+G is obtained that it~ r'Y)Q+(TR_T0)A >0 then the interest
rate and the national income are decreasing andagenin relation to the

marginal propensity to consume; i?(l_riY)Q+(TR_TO)/\<O then the

interest rate and the national income are incrgaaimd convex in relation to

the marginal propensity to consume; ﬁ'_riY)Q+(TR_T0)/\

20-1i)Q +(TR-T,)A

<0 and

>0 then the interest rate and the national incoree ar
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increasing and concave in relation to the margpralpensity to consume.
Also, the interest rate and the national incomeirzeeasing and concave with
respect to tax rates, are decreasing and concasgaition to the investment
rate, and increasing and concave in relation toateof currency demand.

mr

At an offer of money M lower limited by M I E where E=¢(TR-

To)+Co+I0+G we get that the interest rate and the nationabnm are
increasing and convex in relation to the marginadppnsity to consume,
decreasing and convex with respect to tax ratese&sing and convex in
relation to the investment rate, decreasing andeoin relation to the rate of
currency demand.

In relation to time, the national income and theeriest rate have a tendency to
stabilize, their evolution and limit values beingesified above.
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