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Microeconomies

Discussions on n Substitutable Goods Production and Consumption
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Abstract: The analysis takes into account the issue of production of n consumer goods whose
destination is either the mass of workers who have contributed to them or third parties such as
social categories, the directly unproductive or abroad. In the analysis, we considered, for
simplicity, utility and production functions of Cobb-Douglas type that allowed finally getting
interesting conclusions on the relationship between the appropriate elasticities.
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1 Introduction

The problem about equilibrium between production and consumption is
particularly delicate.

Currently there are several theoretical models at both microeconomic and
macroeconomic level trying to provide solutions to balance the production so as
not appear an over or underproduction.

This analysis takes into account the issue of production of n consumer goods
whose destination is either the mass of workers who have contributed to them or
third parties such as social categories, the directly unproductive or abroad.

In the analysis, we considered, for simplicity, utility and production functions of
Cobb-Douglas type that allowed finally getting interesting conclusions on the
relationship between the appropriate elasticities. All items considered were
assumed to be perfect substitutes, competition being also perfect.
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2 Theoretical Analysis

Let consider a number of n goods, perfect substitutes, G;, i=1,_n produced by n
companies F;, i=1,n that have a number of workers — L; and capital — Ki.
We will consider that the production function for the good G; is Cobb-Douglas
type:
(DQ=AK LY, oiBie(0,1), A0, i=1n.
For each company F;, let the price of the labor L; — p; and the price of capital K; —
Qi
The total cost of production of the good G; is:
(2) CTi(Ki,Li)= piLi+qiK;.
Now consider that each firm sets a good production Q; for the good G;, i=1n.
The minimizing of the total cost for production of G; leads to:
min(p,L; +9,K;)
) 1Qi(K;, L) = Q
K., L, >0

The above nonlinear programming problem is subject to Karush-Kuhn-Tucker
conditions which states that the problem:
minf(x,,...,X,)
0; (Xg,esX,) 0,1 =1,
(4) h 1 n ~ .__
J-(xl,...,xn)_O,J_l,
Xqye Xy, 20

where f,g,heC*D), D — domain, has the solution (X,,....X,) if IxeR,, i=1,p
JvieR, j=1,q such that:

Vf(xl,...,xn)+zp;xngi(il,...,xn)+ ivthj(il,...,xn)z 0
=1

i=1 j

(5) gi(ily--.,in)g
X
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where VF is the gradient of F defined by: VF= (al: ..... Ej
ox,  OX,
On detail, the Karush-Kuhn-Tucker conditions becomes:
of _ p g, q _ _
— (X X )+ DA — (X +>v LX )=0,k=1,n
ey )+ 2 28 e ), S %)
(6) gi(il,...,in)so,lzl,_
hj(iv 'Xn)=0,1=1:Q_
)\’igi(xli +X,)=0,i=1,p

The Karush-Kuhn-Tucker conditions are sufficient if f,g;, i=1,p are convex of
class C? and hj, j=1,q are affine functions.

In the particular case of our problem, we have:

3. 9Qi _
a )”aKi 0
Qi
(7) < P kaL 0
Qi (K, .)>Q.
M@ -Qi(K;,Ly))=0
where, as p;, =0 follows:
3. 9Qi _
g 6Ki_0
2 9Qi
(8) 1P XaL 0
Qi(K;,L .) Q

After the removal of A:

0 o0
@ 1%, “Piak,
Q (K,, L)=Q,

From (1) and (9) follows:
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Bi Bi 1
i +Bi OLiai +Bi Giai +Bi

o
Ki - 1 Bi Bi
Af’ﬁ*’ﬁi q_0~i+Bi B_ai*'ﬁi
i i i
o a; 1

(10)

o i&i*'?‘i io‘i"'BiGiai"'Bi

*

i 1 o o

i tPi i TPi i tPi
A Ppt P g

Also, from (2) and (10), the total cost function becomes:

Bi a; 1

o +Bi o +Bi () & +B;
(11) CT= piL*i +qu:: (ai +Bi)pi Qi Qi

1 o Bi
Ai‘li +Bi aiai +Bi Biai +Bi

Now consider the selling price r; of the good G;. The received income is: Vi=r.Q;
and the profit:
Bi a;

1
(12) IT; (6. ): ﬁ@i - (ai +B )1plal +Biuci1iai +Bi[3iQiai+Bi

Aiai +B; aiai +Bi Biai +Bi

The extreme condition of the profit: Hi‘(@)z 0 implies:

Bl (X'l 1 l
T+ 0 P N o 4B,
_pi g g
(13) i = 1 a; Bi
Aiaﬁﬁi aiaiJrBi Biai*ﬁi

We will assume below, that not all of the amount produced is consumed by the
workers, some of which being for those who are not directly productive (social
assisted, educational, health, public administration etc.) or those not being part of
production of the considered goods. We will denote by pije(0,1) the share of the

good G; consumption reported to the total production Q; .

We will also consider that the total income of a worker is allocated to consumption
of goods in some oce(0,1), the difference being allocated to pay taxes or
consumption of foreign goods in other manufacturing companies.

Let consider now the utility function, the same for all consumers, of Cobb-Douglas
type:
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(14)  U(Xy,...Xn)= BXI1. X" 11€(0,1), i=L,Nn, y1+...+7,=1, B>0

corresponding to the n goods.

The total disposable income (for purchase of goods G;, i=1,_n) of the L= YL

i=1
workers is:
Bi %i o 1
n n o +Bi y o +Bi Qo +Bi () o +B;
(15) ZGDiL’;:ZGp' z 1 P % <
i=1 i=1 iy
AialJrBlai i +Bi

Proceeding as above, from the Karush-Kuhn-Tucker conditions, it follows that the
n — n - o
utility maximization under budget constraint: > ru,Q; <> op,L; satisfies:

oU oJ
Q _ _ &%,
(16) nooo,

Zfiui@ =.op; Lﬁ
i1 i1

Using (10), (13), (14) we get:

1 oy Bl 1 i Bi 1 Oy Bn
YlAlotﬁﬁlalaﬁﬁl Blotﬁﬁl o yiAi(’-i+Bi aiai+l3i Biui+l3i o ,YnAr?n"'Bn ar?n"'ﬁn Br?n+ﬁn
By ay 1T Bi @ 1T Bn ap 1
17) ulplaﬁﬁl q1a1+ﬁ1 Qla1+[31 I pifxi+Bi qiaa+Bi Qiaa+ﬁa i, pgn"'ﬁn qrf]xn+l3n stﬁn
Bi 0~i 1
i pi(xl+ﬁl qi(xi+[3| Qiai+Bl (“| _GB| ) B 0
1 o B; -
._l ] ]
B i+B; i+Bi @ o +Bi
Ao B

Noting with A the common value of the ratios, we obtain:
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1 o Bi
Y‘AFXi*Bi(x_ai*Bi B%*Bi L
! 'Bi 'ai ——=AI=1n
H_p_ai‘*'Bi q_(7~i+Bi Q_ui"'Bi
(18) i~ B, i o i 1
n n%i+Bi y%i+Bi ) &i+Bi
Pt T Q (Hi _GBi) _
; 1 ;i Bi =0
Ai‘liﬂ?’i (xifxiJrBi Biaiﬂ?’i

from where:

1 o Bi
1 1B o +Bi o +B:
w B ’YiAiOLI+BI aiOHJrBl BiulJrBl . J—
Q B Pi % =1,

ML o+ y o +B;
(19) B, Oti}’l|p| L ql
n n%+Biq%itBi O %i+Bi ((, _ ~R.
=1

1 o Bi
Ai(li +B; ai(li +B; Biai +Bi

Substituting in the second equation follows:

(20) Zn:Yi(Mi _GBi)ZO
i<l L

or, taking into account that y;+...+y,=1:

e bl
i=1 M G

Let now the expression ; =p; —of;, i=1,_n. Beacuse y;, wi>0, from the relation

(20) we get that if >0, i=1n: Yi(”‘—_"ﬁi)zo therefore the equality holds
i=1 ;i

only for ;=0 that is: pi=cf;, i=1,n .

Following this result, we obtain from the assumption that consumption of a high
enough rate of production of a particular good, it will be, inevitably, upper limited
by the product between the share of income allocated to consumption and the
corresponding elasticity of the good’s labor. On the other hand, in terms of fixed
capital and a constant number of workers, the elasticity depends (for the Cobb-
Douglas function) directly from the logarithm of labor productivity. Therefore, a
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higher share of consumption (and therefore a higher share of production achieved)
can be obtained only under labor productivity growth.

Analogously for Q;<0, i=1,n . In this case, assuming a rate below a certain level of
consumption of all goods, will push consumption to equal the product between the
share of income allocated to consumption and the corresponding elasticity of the
good’s labor.

If 3 i=1,n such that Q=0 therefore pi=op; then Ik=p=1,n such that: p>oPx si
Hp<GPy.

In other words, for a given elasticity of labor, it exist in this case two products for
which the share of consumption is lower limited by the product of the share of
income allocated to purchase the n products and the elasticity of labor in the
corresponding production, and upper limited respectively.

For the good Gy, an increase of the labor elasticity (under the same part of the
income allocation) will push up the rate of consumption of Gy. Similarly, for the
good Gy, a reduction of the elasticity of labor (under the same part of the income
allocation) will push down the rate of consumption of G,

Yby YaBp _ 1
L] W O

Returning at the equation (21), we have for two goods: with
v1+y.=1 from where:

W, —opyP, _
(22) yvi=—F"—5,7=1n
' G(Bluz _Bzul)

The Jensen's inequality says that for every convex (concave) function f:DcR—R,

28X 2 Ef(x)
the following inequality holds: f % <()E—— VxeD, VE>0. The

>, _leai

equality becomes effective if and only if: x;=...=X,.

n
In particular, for > &, =1 si f(x)=In x follows:
i=1

(23) iéixi 2 ﬁxigi
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For - we have: [1x{" = ——— therefore:
X i=1 Zi
i=1 X;
n 1
(24) Y Ex =2~
= 3 Si
i=1 Xi
. n .
Again, in particular, for E,izﬁ we obtain: ZYiEZ . therefore, from (21):
i M ZYih
i1 B
(5 -t <1
L o
Yig

For Bi=p, i=1,n, we have:

(26) Zvu > of

n
Let us note, in relation to formula (26), that >_v;p; is the weighted average of the
i=1
consumer utility rates with the utility elasticities in relation to each product and is
lower bounded by the product of the allocated income share and the labor
elasticity.

If, in addition, pi=p, i=1,n then the equation (26) becomes equality and we have:

(27)  p=of

Therefore, at the same elasticity of labor and consumption the same share of each
product, the share of consumption will be equal to the product between the part of
the income allocated and the labor elasticity. An increasing of the share can be
achieved, in this case, either by increasing o, or by increasing the elasticity of
labor.

3 Conclusions

The above analysis reveals, through the formula (21), that the share of consumption
goods relative to production is dependent on both the elasticity of production and
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that of the utility function in relation to consumption of each good, but also from
the share of income allocated to purchase those goods.

In the Romanian conditions, where the labor elasticity is 0.51 and assuming that
the share of consumption relative to production of goods is the same, we see that
this is about half (u=0.51c) from the disposable income share of earnings workers

allocated to purchase goods. The output gap (whose rate is 0.49 &) will address to
the rest of the population.
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