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Abstract: In this paper, we will continue the study of the dynamic equilibrium solutions in the
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1 Introduction

The purpose of this paper is to continue the analysis of a closed economy model
when the net exports are zero. After a correction of some errors founded in [2] we
have analyzed the dependence of the potential output and the interest rate limit on
the depending variables presented in the model.

2 The Model Equations ([5])
For the beginning let remind the model equations:
(1) D=C+I+G
(2) C=cyV+Cy, Co>0, cye(0, 1)
(3) V=Y+TR-TI, TR>0
(4) Tl=riyY+T,, riye(0, 1), ToeR
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(5) I=inyY+ir+lo, inye(0, 1), i<0, 150

(6) G=G

(7) D=Y

(8) MD=mdyY+mr+Mo<My, mdy>0, m<0, My>0
(9) MD=M

(10) (L—Tzoc(D-Y), >0

(11) %zﬁ(MD-M), B>0

where:

e D —the aggregate demand,;
e C —the consumer demand (a concave function of V);

e | — the investment demand:;

G — the government spending;

¢ V —the disposable income;

¢ Y — the aggregate supply (national income);

e TR —the government transfers;

e Tl —taxes;

e Cv —the marginal propensity to consume, c= d—C €(0, 1), i(; <0;
av av

e riy — the tax rate, riye(0, 1);

e iny —the rate of investments, iny (0, 1);

e i, —a factor of influence on the investment rate, i,<0;

e 1 —the interest rate;

¢ MD - the money demand in the economy;

e mdy — the rate of money demand in the economy;
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e m, — a factor of influencing the demand for currency from the interest rate,
m.<0;

e M — themoney supply.

3 The Static Equilibrium
Let note for the beginning, the autonomous component:
(12) E=cy(TR-T)+Co+lo+ G >0
In order to have the equilibrium, that is D=Y, from (1)-(6) we obtain:
(M—-M,)1-c,(@-riy)-iny)-md,E

i.md, +m, (1-c,(@1-ri,)—in,)
(13) ‘. mE+i (M-M,)

~i,md, +m,(1-c,@-ri,)—in,)

We will note below, for simplification:
(14)Q=mE—i (M, - M)

4 A result on the stability of solutions of a system of differential
equations of first order, linear, with constant coefficients satisfying
some conditions

Lemma

Let the system of differential equations:

dXx
ot a by X e
ay 1= c dly + ; ,a,b,¢ d e feR, a, b, d<0, c, e, £>0, X(0)=X,,

Y(0)=Y.
Then limX(t)=X, limY(t)=Y, X,Y eR if and only if:
t—o t—o

1. (a-d)*+4bc=0 with the solution:
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2bf +e(a—d))tea;dt+(xo+4 de — bf jea;"t L 4 bf —de

X=[ﬂxo+bYo+ . d

2 +d (a+d) (a+d)

Y =\Y, —i—4M ea;dt_(ﬂx +bY +2bf+e(a—d)ja—dtea;dt+4 ce—af
T (ardy 2 70T axd ) 2 (a+d)*

2. (a-d)’+4bc>0 and A%\, are roots of the equation: A*-(a+d)A+(ad-bc)=0:
e, feR with the solution:

X=kle”ﬂ+k2ek2‘—de‘bf
ad—bc
v A —a klexlt N A, —a kzexzt N ce—af
b b ad—bc
where:
de — bf ce—af
A, —a)X, +(Ah, —a)———=DbY, +b
lamaora-a) T b b S
' 7“2_7“1
de — bf ce —af
A —a)X, +(A, —a -bY,+b
k2=—(1 ) 0 (1 )ad—bc 0 ad — be

Ay =My
3. (a-d)’+4bc<0 and A,=a+iB, A,=a-ip, p=0 are the roots of the equation:
A*-(a+d)A+(ad-bc)=0: e, feR with the solution:

X:[XO N de — bf )e‘“ coth+;[bY0 . d—ax0 N (d —a)(bf —de) + 2b(af —ce) bf —de

e sin Bt +
ad—bc 2 2(ad - bc) ad—bc

Y:(YO Laf —ce)eat coth+1 X, + d—aYO . (d—a)(af —ce) + 2c(de — bf) e sin Bt + ec—af
ad—bc B 2 2(ad —bc) ad—hc

5 The Dynamic Equilibrium
Let the system of first order differential equations:

d—Y =a(D-Y)
(15) ddrt L a, B>0
< =B(MD—M)

which becomes after (1)-(9):
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ay .
(16) dt |_[—oxy oy Y N oE
ar | (Bmdy pm, A1) (B(M;—M)
dt
where we note yy=1-cy(1-riy)-iny>0
Using the above lemma, it follows that: limY/(t) =Y, limr(t) =T, Y,T eR, if
t—oo —0

and only if:
1. (oy*+pm,)*+4ofi;mdy=0 then:

H _ _ ’OLXYJerr
Y :(——OLXY +~pm, Y, +ai,f,—a 2i,B(M, —M)-E(azy +er)]te 2 L
Yy _er
1 _ _QXY+ﬁmr H _ _
(YO+4OLB mrE Ir('vIO L\/I)Je 2 t+4aB|r(MO M) mer
(oxy —Bm;) (oy —Bm;)
_ —ayyHm,
r:{r0—4ocﬁ XY(MO M)+m2dYE:|e 2
(OLXY _er)
i —M)- —oxy+Hpmy
Xy +er YO _airro +a 2IrB(NIO M) E(OLXY +er) Xy +.er te 2 t+
2 oy —pm, 2ai,
dop deE+XY(M0;M)
(oxy —Bm;)
g m,E—i (M, - M)
. XyM, +i,mdy
and:
_mdyE+%y (Mg —M)

T= -
LyM, +i.md,

2. (ogy+pm,)*+4aBi;mdy>0 and A#).are roots of the equation: A%+(ouy -
BmpA-ap(xym+imdy)=0 then:

Y =k, e + ke + m,E i, (M, - M)
' ? xyM, +i,mdy
r= M +_(1XY ket + Ay +-OLXY k,e' — deE+XY_(Mo -M)
al, ai, xyM, +i,mdy
where:
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. md,E +y, (M, -M)

mE-i,(M;-M) .
A Y. — (A r riVo . _
kl:( 2+ oy Yo — (A, +axy) S +imd, ol fy —al, o, +imdy
?\‘2_7\’1
: . md,E +yy (M, —M) m,E—i,(M, - M)
—( Y, + (1
kz:O“rroJf(“r M. +i.md, (A + 00y )Yo + (g + 0y ) o+ md,
;“2_7\'1
G- m,E—i (M, —M)
. LyM, +i,mdy
N mdyE+yy (Mg —M)

T= :
XYmr+|rde

3. (ayytPm)*+4apimdy<0 and Ai=p+iv, A,=p-iv, v£0 are roots of the
equation: A%+(ouy-Bm)A-af (yyme+i.mdy)=0 then:

Y(YmE(MM)]e cosut s
xLym, +imdy

1 bro_Bm,JrotxY YO_(er+axy)(ir(M0—M)—m,E)_—Zotir(xY(Mo—M)+deE) o sin vt —
Y 2 2(xym, +i.mdy)
i,(My—M)-m,E

XYmr+irde

r= [ro + 2y (Mo — M_) b deE]e“‘ cosvt+
XYmr + Irde

i CY0+er+(xXY r0+(er‘HXXY)(XY(MO_M)+deE_)_2Bde(mrE_ir(Mo_M)) bt gin vt —
2 2(xym, +i.mdy)
md E + 1y, (M, —M)
XyM, +imdy

_ mrE_ir(MO _M)
. XyM, +i,mdy
and:
= __mdyE+yy (Mo —M)
XYmr+irde

<

We will call Y - the potential output and T - the interest rate limit.
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6 The Analysis of Variation Limits
Therefore again:
m,E—i,(M, - M)
xyM, +i.mdy
mdyE + 5y (M, — M)
- xyMm, +i,mdy

Y =

(17)
F=

From the above relations, we obtain:
(18) %, Y —i T =E
or, in original terms:
(19) 1—c, (1 —riy )—iny )Y —i,F =cy(TR-To)+Co+lo+ G

We can easily write the relation (18) as:

20) ¥ =17+ E
Ly Ly

i . . .
Because —— <0 it follows that the dependence of the output potential of the interest

Ly
rate limit is inverse.

Because y,M, +i,md,, <0 in order to have Y >0 it must that Q<0 that is:

(21) m,E—i,(M, —M)<0
The first partial derivatives of Y are:

oY _ i,(mdyE +%y (Mg —M))

22 <0
( ) amf (’X,Ymr"'irrndY)2

P AL S
OE yym,+imd,

(24) ﬁ __ mr(deE_'_.(MO _ ';/I)X«Y)>0
ai, (xym, +i.md, )
oY  m,(mE-i,(M,—M)) m,Q

(25) = . > == . 2
Oty (var+|rmdv) (var""rmdv)
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Sy 0 0 0
But yv=1-cy(1-riy)-iny imply: a)é—::—l, aﬁ: =Cy, aiﬁi =-1, from where:
(26) oY _ oY oxy _ mr(mrE—ir_(Mo—i\/l)): m,0 20
a, Oy OCy (xym, +i,md,) (ym, +i,md,)
27) 6\_7 _ oY Oty :_cYmr(mrE—i,(Mo—zM)):_ cym,Q 0
arIY aXY arIY (XYmr +irde) (XYmr +irde)
(28) OY__ oY ony :mr(mrE—ir_(Mo—ZM)): me
amY aXY amY (XYmr + Irde) (XYmr + Irde)
oY i
29 _ i 0
(29) My, -M)  x,m, +imd, g
(30) oY :_ir(mrE_irl(Mo_l\Z/l)):_ irg.2 2<0
omd, (var +|rde) (XYmr ""rmdv)
Also, for T =— deE+XY_(M° M) >0 we have:
%yM, +imdy
(31) or :XY(deE+3§Y(M0;M))>O
amf (XYmr +|rde)
@My,
oE  yym,+imd,
(33) a_F — de(deE +-XY(M02_ M)) >0
alf (XYmr+|rde)
(34 " =de(m’E_l_r(M°_2M))= deQ - <0 from where:
oy (xym, +i.md,) (xym, +i,md, )
(35) of _ oF oxy :_de(m,E—u_r(MO—ZM)):_ deQ 50
o, Oyy 6cy (xym, +i md,) (xym, +i,md, )
o ot oy, mdycy(m,E—-i (M, -M)) md, ¢, Q
(36) = P - > = . > <0
ariy oy oriy (xym, +i,md, ) (ym, +i,mdy )
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or  or oy,  mdy(mE-i,(M,-M) md, Q

@) ——= = : = _ >0

ainy  dyy diny (xym, +i,md, ) (xym, +i,md, )

or Ay

38 =— 0
%) o(Mg-M)  xym, +i,md, .
(39) or :_XY(mrE_ir-(MO_lvl)):_ XYQ - >0

amd,, (xym, +i,md, ) (xym, +i,md,)

7 Conclusions

As a general conclusion, we obtain the following:

184

¢ the increase in absolute value of m, — the factor of influencing the demand
for currency from the interest rate imply the increasing of the potential output
and the decreasing of the interest rate limit;

e the potential output and the interest rate limit are increasing at an increase of
the autonomous component;

¢ the increase in absolute value of i, — the factor of influence on the investment
rate imply the decreasing of the potential output and the decreasing of the
interest rate limit;

e the increase of cy — the marginal propensity to consumeimply the increasing
of the potential output and the increasing of the interest rate limit;

e the increase of riy — the tax rate imply the decreasing of the potential output
and the decreasing of the interest rate limit;

¢ the increase of iny — the rate of investments imply the increasing of the
potential output and the increasing of the interest rate limit;

e the increase of M — the money supply imply the decreasing of the potential
output and the decreasing of the interest rate limit;

e the increase of mdy — the rate of money demand in the economy imply the
decreasing of the potential output and the increasing of the interest rate limit.
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