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The Reduction of Quadratic Forms to the Normal Form
with Applications for Production Functions
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Abstract: The article treats the reduction of quadratic forms to the normal form by Gauss's method
taking in discussing various determinants whose behavior will determine its nature. Applications of
this method are illustrated for the most common production functions: Cobb-Douglas and CES.
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1. Introduction

- VX=(Xg,...,Xn) €R".

Let consider the quadratic form: H:R"—>R, H(x)= ZaijxixJ

i,j=1

The quadratic form H is called positive definite if H(x)>0 Vx=0, negative definite
if H(x)<0 Vx=0, positive semi-definite if H(x)>0 VYxeR" and 3x,eR"-{0} such that
H(x0)=0, negative semi-definite if H(x)<O vxeR" and 3x,eR"-{0} such that
H(X0)=0, semi-definite if Ix;,x,eR" such that H(x;)H(x,)<O0.

It is known that if a quadratic form is positive (negative) (semi) definite in a basis
then it retains that character in any other basis.

We say that the quadratic form H has the normal form if there is a basis B of R"

where H(x)=§:biyi2 VXg=(Y1,....Yn), M<N.
i=1

It follows from the above that, being given the normal form of H (whatever the
process by which this is achieved), H is positive definite if and only if b>0, Vi=
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1Ln, negative definite if and only if b;<0, vi=1n, positive semi-definite if and
only if m<n and b;>0, Vi=L,m, negative semi-definite if and only if m<n and b;<0,
Vi=1,m, semi-definite if and only if Ji=j=1,n such that b;>0, b;<O0.

Relative to bringing a quadratic form to the normal expression are essentially three
big methods.

Jacobi’s Method

Considering the matrix associated to the gquadratic form [H]= (aij)i i eMy(R), let
Qi Ay

A=|--- -+ --+|,i=1,n -the principal diagonal determinants.
ap g

If A0 Vi=1,n then there is a basis B={fy,...,f,} obtained from the canonical basis
through a triangular matrix, such that the normal expression of H is:

1 2 A 2 A 1.2
H(X)=—yi+—2ys+...+ "Ly,
(X) Alyl A, Y> A \

n

The method is limited by the fact that the determinants obtained from the first i
rows and columns must be non-zero. If Ji=1,n such that A0 Vk=1i-1
(considering Ap=1 we can assume that the condition is always satisfied) and A=0,

then it will investigate all determinants of the form:
Q7 o g 8y

Aap=| T " | with p>i. If such a determinant is non-null, then after
Qiq1 e A Agp
ap1 apia pp

the change of variables (which is basically a renumbering of variables):
Y =X, k=1,n,k#i,p
Yi =X, the condition that Ai=0 is satisfied.

ypZXi

From the Jacobi’s method is obtained that if A>0 Vi=1,_n then H is positive
definite, and if

(-1)'A>0 Vi=1,n then H is negative definite.

The essential drawback of Jacobi’s method is that all determinants A; must be non-
null (regardless of any renumbering). The method also does not specify the nature
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of quadratic form when Ji=1,n such that A=0 Vk=1n, k=i (obviously after
possible renumbering).

The Eigenvalues Method

Considering the associated matrix of H, let the characteristic polynomial
P(A)=det(A-Ll,). It is shown that: P(L)=(-1)"(A"-8; A" +8,1"*-...+(-1)"5,)) where &
is the sum of diagonal minors of order k of the matrix A.

Considering the characteristic equation: P(1)=0, its roots are called the eigenvalues
of the matrix A. For an eigenvalue %, the vector veR" such that: Av=Av is called
eigenvector corresponding to A.

It is shown that the eigenvalues of a symmetric matrix are real. Considering the
basis B consisting of eigenvectors corresponding to the eigenvalues Ag,...,A, We get:
A ... O
[Hlg=| ... .. .. | fromwhere: H(X) =L y? + Y5 +..+ A, V2.
0 .. A

n

The eigenvalues method appears, at first sight, much better to determine the nature
of quadratic form in the sense that H is positive definite if and only if A;>0, vi=Ln
, Negative definite if and only if A;<0, vi=ln, positive semi-definite if and only if
m<n and A;>0, Vizl,_m (therefore there are also null eigenvalues, but those non-
null are strictly positive), negative semi-definite if and only if m<n and bi<0, Vi=
1Lm (therefore there are also null eigenvalues, but those non-null are strictly
negative), semi-definite if and only if Hi;tj:l,_n such that A>0, ;<0 (so there are at
least two eigenvalues of sign contrary).

This method presents also a key deficiency, consisting in the difficulty of solving
the characteristic equation (of n-th degree).

The Gauss Method

The Gauss method identifies the terms of the form a,x’ and builds a perfect

square that contains all occurrences of the variable x;. The process is continued on
the remaining quadratic form. If there is no term of the form a;x?, then it

noty
identifies a mixed term: a;x;x; with a;0. If no such term appears, the process ends.
If so, it is considered a change of variable of the form: xi=y;+y;, X;=yi-y; obtaining
new square terms and the process continues as above.
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2. Preliminary Results

a;; ... Ay,
Be a square symmetric matrix A=| ... ... ... |eMy(R).
Ay - Anp
d;p v Ay o
Let note, as above, A,=|--- --- ---|, k=1,n - the prinicipal diagonal determinants
A A
and define the appropriate determination of A, board with the row i and the column
Qe Ay Ay
jasi Ai=| .
Ty o oay ay
all e aik aiJ

It is noted that, due to the symmetry of the matrix A, we have: Ayj=Ax;i. We also
consider that: Ao =a;;. We will note below:

Ay ... Ay Oy
® A opy= Wherea=(ocl,...,ock)t,B=(B1,...,Bk)teRk,yeR
Ay o A Oy
B - B v
ayy ay oy O
® Avospeyum= @iy -+ Qg O Oy Where oc=(a1,...,ock)t, 82(81,...,8k)t, =
B o B v o m
& ... & M A
(Bu--Bi) 6= (er,mer) €RY rum2eR
Ay, ... Ay
o [, the minor of a,, from the matrix
akl e akk
all e alk
 ['oqrs the determinant of the matrix | ... ... ... | obtained by deleting the rows
akl e akk

p and g and the columns r and s. For k=2 we define I,  =1.

qrs T

123



ACTA UNIVERSITATIS DANUBIUS Vol 9, no 2, 2013

It is noted that due to symmetry, we have: Ay op,=Ax poy AN A geasymun-
The proofs of the following two lemmas are absolutely trivial, following the
Laplace development of appropriate determinants.

Lemma 2.1
k
— 1
Akﬂﬁv_ Z(_ 1)r+s+ OLrle—‘rs + yAk
r,s=1
Lemma 2.2
K o, S,B, P o, & o, O Y W
A ) — _l P+q+r+s p p r S + p+S p p _ p p + A
k,a8Beynnr p,q;s:l( ) aq Sq € & pqrs psz—l( ) Y p Bsn N ps n A k
p<q
Lemma 2.3

Be the vectors a=(ay,...,a ), B=(Bp,..By ), 6= (8.8, ), e=(gp,....8, ) eR* and
7,u,M,A€R. Then:
Ak,aByAk,&k'Ak,aspAk,BSn'Ak Ak,aﬁﬁsyu n =

k B, Bo, o
p+q+r+s s p
N ey F -1, .A
quzs 1( ) g &g Sq(pr as ps pq,rs k)
r<s
Proof

From lemmas 2.1 and 2.2 it follows:
Ak,aByAk,Esk'Ak,aspAk,BSn'Ak Akyaéﬁg\{unx =

k k
{ S, yAkJ( S, + Mk] .
u,v=. r,S=!

k k
( zg_l)wrﬂausvruv + “Ak]( Z(_l)HHlBssrrrs + nAkj -
u,v=

rs=1

k

Ak z (_1)p+q+l'+5

p.q.r.s=1
p<q

o, O

oy O

oy By

A

B

€

o Jp

n i

B

r 85

p

_Bs Ak =

k
oo + (—1)‘”5(8S

p,s=1

Y M
jrpﬁn s

k
Z( )r+s+u+v (Bv ) T, +A, Z( )r+s+1(y6r85+mrﬁs_uﬁr65—‘r]asﬁr)rrs -

r,s,u,v=1 rs=1
k 5,8, B k 8y o, O
1 p+Q+T+S p s F _ 1 p+S p A F + p+s p pA —
p,q;s:l( ) aq 6q g, 85 pg,rs pél( ) S m ps pgl( ) A k* ps
p<q

r<s
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k k o ) B B
p p
Z( )r+S+U+V ay r(Bv Bs ) rstuv Z (_1)p+Q+f+S a S r ; 1—‘pq rsAk +
r,s,u,v=1 S<qdr,s:l q q & &
r<s
: p+s[ o (% Op Op Op
Ak Z (_ 1) Bs — & - ySpss - Msz + “Bssp + No,Es 1—‘ps =
p,s=1 n A Y
k k o )
z (_1)p+q+r+sap6q Br Bs rprrqs _ Z (_l)p+q+r+s p p Br BS qu rsAk —
p.q.r.s=1 & & p.g.rs=l % Oglle, &
Pes
k
z (_1)p+q+r+sap8q Br Bs Z ( )p+q+r+sap6q Br Bs rprrqs +
p,q,r,s=1 & 85 p.q,r,s=1 r s
p<q p>q
K B B k o Syl B
Z (_1)r+s 5 r S LT — Z (_1)p+q+r+s P p{Hr S T Ak —
p.rs=1 S A B oy Sqle, & T
p<q
r<s
k B, B B, B
P+q+r+s p+Q+r+s
Z (_1) +Q+r+ aqu r s pr qs z ( ) +q+r+ aqap r srqrrps+
sfdhszl r s g>qpr s=1 r s
k B, B . B p
Z (_1)r+s p6p r s z ( )r S r S rprrps _
p,rs=1 r s PFS =1 ro &
r<s
Zk: (_1)p+q+l'+s G‘p 8p ﬁr BS rpq rsAk —
p.q.rs=1 oy Bglle, &
Pes
k B Bs k B p
> (aprer g (T ol NV I off o) PR SO ) LR N
Efc,lr,S:]. r S r<SS: r S
k Bs B k o, OB B
z (—1)”50( 5 S rr r — z (_1)p+q+r+s p pi~r SF Ak
bfact p pss . ps”™ pr Dad aq Bq gr 85 pag,rs
S>r pP<q
r<s
k +Q+r+ B B k +Q+r+ a’p 6p B B
Y (0P Pl S T+ oS Ty T~ D (<1 N Ay P
F;;,q[ir,s:l & & pq s=1 q Yql&r &

r<s
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k p+q+r+sBr Bs k p+q+r+sBr Bs

> (-1) (00,84 T Ts + 08, Ty )+ Y (1) (06,84 Ts + g8, Ty s )
p.g,rs=1 g & p.q,r,s=1 g &
p<q p<q
r<s r>s

k o, OB, B

_1 p+q+r+s|p p{|Fr sr A, =

p,a;s:l( ) o Sqle, & M° “
Pes

k B, B k Bs B

pra+r+s T s p+q-+r+s|Ps r

,, qzr:s 1(—1) : (apaqrp,rqs+aq6prq,rps)+pqzr:S 1(—1) i (01,84 Tyl + 0L Tasl o)~
»4,1,5=, r S »q,1,5=. S r
p<q p<q
r<s s>r

Zk: (_l)p+q+r+s ap Sp BI’ BS r‘pquSAk —
p.0,r,8=1 g Sqller &
<l
e

3 (caprors Bs( 8ol Te + 018 Ty Tog — 08, T Ty — 018, Tl )~

) c CpOqlprl gs T %qOpl grl ps = ApOql pst qr = %qOpl s’ pr

p.q,r,s= r S
p<q
r<s

k

Z (_1)p+q+r+s (xp 8p Br Bsr A, =

o 5 g pg,rs=k —

E,qdr,S:l q ql|©r S

<
r<s

k ( 1)p+q+r+s Br Bs oy 6p (F r LT ) k ( 1)p+q+r+s p 6p Br Bsr A =
Z - c e llo S prigs — ‘pstqr)T Z - o 5 lle s pqrs=k —
pfq,r,s:l r s q q pf,r,s:l q qler S
I’?<S r<s

k B, PBlo, O

_ \p+a+r+s|Pro Ps|Pp p( B _ )

Z ( 1) e s llo S 1—‘prrqs 1—‘psl—‘qr 1—‘pq,rsAk
p.g,rs=1 r s|a q
p<q
r<s
Corollary 2.1

Be the vectors a=(ay,...,00. ), 8=(8,,....8, ), e=(g;....8, ) €R* and y,um,AeR.
Then:

Ak,SekAk,txocy'Ak,txenAk,&xp'Ak Aky(x&xgyp"rlkz

k o, oo, o
p+S+q+r|r S|P q
Z (_1) S, S (Fqsrpr _rpsrqr _rpq,rsAk)
p,s,q,r=1 & & p q
<
Fas
Proof

It follows from Lemma 2.3 for B=a..
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Lemma 2.4

ool — Dol = Thg s =0, p<q, 1<s, p,a,r,s=1k, Vk=2.

Proof

Let P(K): Tyelyr — Toolyr —Dog Ay =0, p<, 1<s, p,ar.s=1k.

a, a _
For k=2, let A=| " "% - symmetrical. We have: T}, —T,0%—T1,14,
21 22

— 2
=ayidop- a12 -

2 \—
(an1a22-a7,)=0.

a1 82 A3

For k=3, let As=|a,;, a,, a, - symmetrical. We have 9 variants:
dg; a3, dg

ep=1,0=2,r=1, s=2;

ep=1,0=3,r=1, s=2;

*p=2,q=3,r=1, s=2;

ep=1, q=2, r=1, s=3;

ep=1, =3, r=1, s=3;

e p=2, =3, r=1, s=3;

e p=1, q=2, r=2, s=3;

ep=1, =3, r=2, s=3;

e p=2,0q=3,r=2,5=3

We will proof the equality for on variant, for the others doing analogously.

Let, for example: p=1, g=2, r=1, s=3. Then:

Dosliy —Tiglo —Thp1A3 =

2
(allazs - alza13)(azzaas - azs)_ (a12a23 - a22a13Xa12a33 - a13a23)_
2 2 2 _
él23(‘3111‘5‘22‘5‘33 + 281,838,153 — 813872 — 53811 — 312333)—
3 2 2 2 2
Q11855853833 — 811853 — 81581385833 + Q5813853 — 13833 + 89813853 + Ay 138,833 — 813855893 —

2 2 3 2
118283033 — 281,81 5823 T 81385893 + 811823 T 815853833 =0
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Therefore, P(3) is true. Assuming P(i) true Vi=3,k, let P(k+1):

Fyelor = Tosl e = Toq ki1 =0, P<q, r<s, p,q,r,s=L Kk +1.

Let 6ka=T g1 obtained from Ay, by removing the rows p and g and the columns r
and s.

Considering in Lemma 2.3: a=the column r, 3= the column s, B=the row p, &= the
row q of Ays1, Y=8pr, W=aps, N=aqr, A=8ys it follows first:

¢ Skflﬂﬁﬁsvunk:('1)r+s+p+qu+1
@ S1.0p,=(-1)"PTq
® 815:=(-1)"" Ty
® S1.aen=(-1)"Tps
® 81pon=(-1)""Tqr
From Lemma 2.3, it follows:

(_1)r+s+p+q (rqsrpr - 1—‘psl—‘qr - rpq,rsAkJrl):6k-l,&BV6k-1:5€7»_6k'1:0l€u8k'1:|35T1_6k-1 8k—l,(x6[’>sypnx =

k o, O . .
> (- P B a” 6” (ypryqs—ypsyqr—ypq,rssk_l):o from the induction
gfdr,s:l g &||Uq q

hypothesis (where y;; are appropriates minors of Jy.;.

Corollary 2.2

Be the vectors a=(ay,...,a ), B= BBy ), 6= (8.8, ), e=(g1,....8, ) eR* and
v, M AER, K=2. Then: Ay o, A serAk asulk pon =Lk A aspeyum. =0-

Proof

It follows from lemmas 2.3 and 2.4.

Lemma 2.5

AviiDiin = AkkniBksj = AkAiapjj Vij2k+2 Vk>2.
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Proof

For k=1 we will prove directly.

We have therefore:

Ak,ijAk+l - Ak,kJrliAk,k+lj - AkAk+1,ij =

a;; A Ay
—ayq@y; Ay Ay =

i 8 g

d;p 4y
a; a

Ay Qg A Ay

dy1 Ay

a;; 4y
Ay 8y

ij@21 @2

2
(allaij — A58y Xallazz - 312)_ (allaZi - aliaIZ)(allaZJ - aljalz)_

2
an(anazzaij +8y585i84j t 8989585 — 8gj858y; — 8198855 — alZaij):

2 2 2 2 2
489,855 — 81187185 — 81489,84;8y + 1584815 — 118985 + 8118185895 + 814815858y — 81885 —

2 2 2
@118 — 8118128581 — 198158585 + 81181858y 8118585 +81781,8; =0

From corollary 2.1, for o=(a,q,.-.,0yp.) 8=(a1j,...,akj)t, e=(ay,,....a; ) €RY,
Y=ak+1 k+1s U=qk+1 jy

N=a; k+1, 7\‘=aij we have:

Ay iD= A ka1iBiokarj — DB =

i (_ 1)p+s+q+r

p.s,q,r=1
p<q
r<s

ar k+1 as k+1

ap k+1 aq k+1 (
a a

a Loslpr = Tpsl e _rpq,rsAk)-

ir is pi aj

From Lemma 2.4, we have Fqsl“p,—Fpqur—quvrsAkzo, p<q, r<s, p,q,r,s=1,_k,
vk>2.
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3. A New Approach of the Gauss Method
Suppose, first, that (after a possible renumbering) a;;#0. We have:

H(x)= a11x1+2xlzaljxj+ Za” iX;=

j=2 a1, j=2811 j=2811 i,j=2

2
n a.. n a..
alllxl+lez_x J{Z‘,ixjj }%(Zi jj +Zau iXj=

2
1 n
- 311X1+Zaljxj _a Zal,aljx,xJJrZaux,xj—
11

j=2 11 i,j=2 i,j=2
1, 12
—Y+t— Z(allaij T
agy ay1ij=2

where we performed the change of variables: yl—allxleZall ; the others
J_
remaining the same.

From the above it follows that if A;#0 then: H(x)=Aiyl2 ZA LiXiX; -
1 11,j=2

1 1 1
Let P(K): H(X)=—y? +——y5 +..4 ———= Ay XX, A0 Vi=1, K
A ' AA, ? A 1Ay Ak i jzk+lk W

Since P(1) is true, suppose P(k) true. If 3i=k +1,n such that: A ;=0 then, after a
possible renumbering, we assume: Ay k+1 k+1=Ax+1#0.

Considering H' (x)—— ZAK

k i,j=k+1

iXiX;, We get:

, 1 2 n n
H'(x) = A_[Akﬂxkﬂ + 2%y ;Ak,kﬂixi + Zk:Ak,inin]z
K i=k+2 i,j=k+2

k i=k+2 k+1 i, j=k+2 Bk41

- nooAL
B o, § B |

2
A nA . noA . noA A - nooA
k+1 2 k, k+1i k,k+1i k,k+1i —k,k+1j k. ij
A {Xk+1+zxk+1 > X 2 =X | - 2 — XX D XX

K i—kr2 Ay ikv2 Ay k2 A Ay ij=ke2 Ay
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2
A [(Xmﬁr i Ay ki Xij N i (Ak,ij A Ak,k+1jJXinJ:
i

i,j=k+2 Ak+l Ak+1 Ak+1

2
1 n n
((Akuxmﬁr ZAk,kaij + _Z(Ak,ijAkﬂ_Ak,k+1iAk,k+lj)xinJ:

AkAk+1 i=k+2 i,j=k+2
1 2 1 N ARiAK — Aokl ke
AA L Yk+1+A > A XiX;j
kS k+1 k+1 1, j=k+2 k

n
where we performed the change of variable: yi.1= Ay, X, + D Ay joaiXi -
i=k+2

From Lemma 5, Ay Ak, — Ay k1B ksj = AkAysaj Viij2k+2 Vk>2 therefore:

1 1 n
H'(X) = y2+ + ZA " XX
A Ay iR
Therefore:
1, 1 1 2 1 n
HX)=—y; +——VY; +...+ Vi + > AriXiXi
Al ' AlAZ ? Ak k+1 o k+1i,j=k+2k+1'Il o

and P(k+1) is also true.

Suppose now that Ay,...,A#0 and all A ;=0 Vi=k+1,n.

1 1 1 1 Q
We have therefore: H(X)= —vy? + ——y2 + ...+ 240 = STAL XX .
( ) Al yl AlAz y2 Ak_lAk yk Ak i,j:zl<:+l Kj2M i

We have now two cases:

1. 1f A ;=0 Vij=k+1n then the algorithm ends and the normal form of H is:

1 1 1
HX)=—y +——y5+..t ——yi
A1 AlAZ Ak—lAk

Considering the matrix of changing of the canonical basis to a new basis: Mg 5 =S
1
where:
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Al A0,12
0 A,
s=l0 0
0 0
0 0

AO,lk
A1,2k

Ay
0

0

A0,1 k+1

A1,2 k+1

Ay akke
1

0

A
A

Ak—l,kn

0,1n

1,2n

0

1

we have: x=Mg gy from where H(X)=x'[H]; x =y'M§ g [H]s Mg gy=y'[H]sy

In the new basis:

L0
A1
0 1
AIAZ
Hl=|
0 0
0 0

2. If 3p=q such that Ay p#0,k<n-2, let the transformation:

az
ad+By=0, ay=0, p6=0. We have therefore: xpz”T

0 0
0 0
v
Ak—1Ak
0 0
0 0

After replacing, the term Ay pqXpXq becomes:

az, +Pz, vz, -6z

q

_ Awpg

k,pq 2
as above.

2

4

~ 2(5x, +px,)

T o8EBY it
, Z(yxp - oqu)
4 ad + By
+qu and quw

2

(ayzﬁ—BSzj—(aS—By)zpzq) and thus proceed

We assume (again after a possible renumbering) that: Ax k1 k+2#0 therefore: Xy.=

0Zy 1 +BZy .,

2

follows:
132

and Xy

_ V21 =82y,

n
. For the form: H'(x)= > A, ;xx; it

i, j=k+1
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n n n
H'(X) = 2A, kiaks2Xks1Xks2 +2 zAk,k+1ij+1Xj +2 zAk,k+2ij+2Xj + ZAk,iniX
j=k+3 j=k+3 i,j=k+3

Ay kr1k+2 n oz,,, +pz
s k+1 k+2
2—( oyZy,; —BOZ,, — (OLS—BY)ZkﬂZmz)’LZ > Agnj— 5 X+
4 jok+3 2
n
V21 =82y 1p
2 Z Ak k+2j - - X+ ZAk ij
j=k+3 2 i,j=k+3
Ay kiik+2 2 Ay ks1k+2 2 Ay kiik+2
oy —=7p, —BE = Zk+2_(a5_BY)—' 2yt
2 2 2
ZGAK k+1jZKk41Xj T ZBAk k+1jZk+2Xj T ZYAk k+2 Lk Xj — ZSAk k+2 kXt ZAk i

j=k+3 j=k+3 j=k+3 j=k+3 i,j=
Proceeding as above, it follows:

. Ay kstks2 _2 Ay krik+2
H(X):aY%Zkﬂ”kn (OCS_BY) ; 2yt ;YAk k+2]xj+ ZOLAk k+1iX]
J +3

n
kk+lk+2 2
56 Zk+2+ ZBAk,k+ljZk+2Xj ZSAK k+2]zk+2X + ZAK ij | j
j=k+3 j=k+3 i,j=k+3

2
Ay ksiks2 1 k,k+1k+2
oy =2 7 v ——————| —(ad - B’Y)#Zk+2+ Z“/Ak ka2 X T Z(XAK kel iX ||~
2 YA ks1ks2 2 j=k+3 j=k+3

2

1 Ay k1ke2 Ay katke2 o2

2 [_(QB_BY) ; ; . Zyot ZYAK k+2]xj + ZOLAK k+1] j _BS : ; - Zyot
YA ki1k2 j=k+3 i=k+3

n
ZBAk,k+1jZk+2X ZSAK k+2jZke2Xjt ZAk ij

j=k+3 j=k+3 i,j=k+3
With the variable transformation:

Yk+1=

1 Ay ki1ke2
Lypt——— _(OLS_B'Y)%ZHZ"' ZYAK k+2jXjt ZaAk k+1jXj

OWAk,kumz j=k+3 j=k+3

133



Vol 9, no 2, 2013

ACTA UNIVERSITATIS DANUBIUS
A 1 2
H'(x) = ay kk;kg yi+1_2ayAk,k+lk+2{ ( d— BY)%ZHPLIZ;YAK k+2JXJ+ ZaAk K+l Jj -

A n
kkilk+2 _2
3872 ot ZBAk,k+ljzk+2Xj ZSAK k+2jZk+2Xj T ZAku
j=k+3 i,j=k+

Ay ka1ke2 2 Ak‘k+lk 2.2 Y
OW7+ Yk+1 (aS—BY) IR Ly ZAk ke2ilk k2 (XiXj
Bay 200 a1ke2 i,jok+3

ZAk k+2jszk+2 +(0(8 BY)Z zAk k+ljszk+2
j=k+3

= ZAk ki Dk XiX ((xS BY)Z

ZyAk K+1k+2 i,j=k+3 i=k+3

1 Ay kitks2 2
ZAk ka1iBi k2 (XX —BO—"—"Z 0 + ZBAk,k+1jZk+2Xj ZBAK k+2Zke2Xjt
Ak k+lk+2 i,j=k+3 2 j=k+3 j=k+3
ZAk”x X =
i,j=k+3
Ay kitka2 | 2 Ay kitke2 2 ad +By
oY ———— Yk~ (0‘5+B“/) Y Zke2t Z(aAk,km —YAk,k+2j)ijk+z +
2 8ay 20y ki3
: (
Z 2007 iQkkatkez Y Ak ka2iBikazj — O Ak katiDk kot —2000A il k2 XiXj =

200/A a1k+2 i,jok+3

n

2
Ak k+1k+2 2 Ak k+1k+2
oy ————= ad + —o e R oA A +
Y o BY) Bty k+2 (a6+BY)Ak e ,%g kk+1j T3k, k+ZJ)XJ

2
1 n
[ Z(aAk,kﬂj _yAk,k+2j)>(jJ +

20“/Ak,k+1k+2 j=k+3
1
Z(ZOWAk uAk kitki2 — 7 Ak k+2ilk, k2j @ Ak ki, k+1j ZOWAk ka1ik, k+2j XiX]

200A iak+2 i,jk+3

Also, with the variable transformation:

2 n
Yier = Ziz Ay )~ iz Xy
k+2 k+2 (058+B"{)Ak,k+1k+2 J%g k,k+1j k,k+2])>(j

it follows:
A A
oy k,k+1k+2 yi+1 —(OCS"'B'Y)z kK, k+1k+2 yi+2 +
2 8ay
1
A Z(ZAK uAk k+1k+2 ‘?’Ak k+1|Ak k+2j Ak k+2|Ak k+1J)X X

2Ak k+1k+2 i,j=k+3

Ay ka1ke2 2 Ay ki1ke2 1
oy 7+ Vi — (‘XS + BY) ey ———— Z(Ak Dk krikr2 — 285 ka1ily, k+2])XIXJ
Bay A kitke2 ii-k+3
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Ak,k+1k+2

A
2 K,

r L (e pyf Sy

2 n n )
A— Z(Ak,ijAk,k+lk+2_Ak,k+1iAk,k+2j_Ak,k+1jAk,k+2i)Xin_2 ZAk,k+liAk,k+2iXi =

k,k+1k+2 :,<jj:k+3 i=k+3

A A

ay k,k+1k+2 yﬁ+1—(0t3+[37)2 K,k+1k+2 yi+2 +
2 8ay
2 n

A _ _Z(Ak,ijAk,k+1k+2 = Ay kaiBioks2 ~ Dokt jBioke2i XiXj
kk+ke2 i,j=ke+3
i<j

The form H becomes therefore:

1 2 1 2 2 AI< k+1k+2 | ,2 2 Ak k+lk+2 |,2
H(X)=—Yy; +——VY5+... +oy——=2yr (a8 +By) s +
(x) A, Y1 A, Y A A, Y +oy 2A, Y ( BY) 8ayA, Yie2

l n
Z(Ak,ijAk,k+lk+2 - 2Ak,k+liAk,k+2j)xin
AAy ki1k+2 iiok+3

In particular, for a=p=y=8= 1/25igniAk iAk it follows:

1 1 ) _
H(x) = A—yf o Y24t — Y2 +Sign (A A sk 2Y 2 = SION (A A 1ics2Y2rn +
1 182 k-18k
1 n
Z(Ak,ijAk,k+lk+2 - 2Ak,k+liAk,k+2j iXj
AkAk,k+1k+2 i,j=k+3

As:

1 1
Zpy = e Xy + ———————X
o Jasion(Aa, < 2sign(a A, <
P S S
<z Jasign(a A, <t Jesion(A A, <

it follows:

yk+1=
1 n

Z(Ak,k+2j + Ak,k+1j)xj

Xip + Xy +
Vasign(a,)A, “ Vasign(a,)A, " V2sign (A )AL A iz Fi3

1 n
- Aprri—Ay i X
2sign (A )A, s Jasign (A, )a, Tt 2sign (A A A iz J=%3( i) k'km)xj

yk+2 =
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Considering the matrix of changing of the canonical basis to a new basis: Mg 5 =S5
1
where:

S=

Ay Aggy o Agy Aprien Dgikea Mgt Apsq

0 Ay o Ay Ao Apie Ajgis Ay

0 0 . A Ay 1kk+1 Mk Aies At

0 0 . 0 1 Akk+2k+3+Akk+lk+3 A iz + Ay pin
\/25lgn(Ak \/23|gn Ak)Ak \/25'9]” A KDtk \/ZSign(Ak)AkAk,k+1k+2

0 0 1 B 1 Aksakiz =Dk Ayksan = Axgtn
VNN JBinA)A VBINAAA G V2SI A

0 0 0 0 0 bk+3k+3 bk+3n

0 0 .. 0 0 0 byes by,

we have: x=Mg gy from where H(X)=x'[H]; x =y'M§ g [H]s Mg gy=y'[H]sy

In the new basis:

[H]; =

1 0 0 0 0 0 0
A1
0 0 0 0 0 0

A1A2
0 0 1 0 0 0 .. 0
Ak—lAk .

0 o0 0 sign(Ay Ay ksiks2 0 0 .. O
0 0 0 0 -sign(A A2 O .. 0
0 0 0 0 0 Ck+3k+3 Ck+3n
0 0 0 0 0 Chkis -+ Cpn

ApiA —2A niDeni
Where Cij: k,ij= k,k+1k+2 k,k+1i=k,k+2 j 1 |,j=k+3,n.

AkAk,k+1k-¢—2

After these considerations, we can formulate the following theorem:
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Theorem 3.1

Given the quadratic form H:R"—>R, H(x)= Zaijxixj VX=(X1,...,X,) €R" we have:
i,j=1

1. If A4,...,As#0 then the normal form of H is:

1., 1 5 1 2
HX)=—y; +——V5 +...
e A, Yi AA, Y2 A, A Yn

n

n _
where: yi= A + DA X k=14n, A=l
i=k+1

2. If Ag,..., A0, A =0 Vi,j=k +1,n then the normal form of H is:

1 1 1
HX)=—y?+—Yyi+.+———V:
AZI. AlAZ Ak—lAk

n R
where: yim A X + DA X L k=1 N, Ag=1.
i=k+l
3. If Ay, A0, Agii=0 Vi=k+1,n and Jizj=k+1n such that A.;#0 then the
normal form of H is:
HOO = 2 y2 + 2 y2 b y2 sign (A Ay y2 —Sian (A A 2 + HYy (X)
Al A1A2 Ak—lAk " i

! XI:(Xk+3""’Xn)

n _
where y,=A X, + > A, X, P=LK, A=,

i=p+1
1 n

Z(Ak,k+2j +Ak,k+1j)xj ;

Y= Zyq + ==
J2sign (A, )A, Ay ks1ks2 J=k+3

. i(Ak,kJij _Ak,k+lj)xj

\/ZSign (Ak )AkAk,k+1k+2 j=k+3

and H'

1 1 n
H(X)=——— Z(Ak,ijAk,k+1k+2 - 2Ak,k+1iAk,k+2j)Xin .
ApAy kiakez i, jk+3

yk+2 = Zk+2 +

is the normal form of

n
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Corollary 3.1

n
Given the quadratic form H:R"SR, H(X)= > a;x;X; VX=(Xy,....X,)€R" it follows
i,j=1
(after a possible renumbering):

1. The quadratic form is positive definite if and only if: Ay,...,A>0;
2. The quadratic form is negative definite if and only if: (-1)*A>0 vk=1n;

3. The quadratic form is positive semi-definite if and only if: Jk=1n such that:
Al,...,Ak>0 and Ak,ijZO Vi,jz k +1,n;

4. The quadratic form is negative semi-definite if and only if: Jk=1,n such that:
(-1)'A>0, i=1,k and A;=0 Vij=k +1n;
5. The quadratic form is semi-definite if and only if:

a. Ag,...,Ay#0, but do not meet 1 or 2;

b. szl,_n such that A;,..., A0 not meeting 1 or 2 and Vi,j=k +1,n : A;=0;

c. 3k=1n such that Ay,..,A&0, Ai=0 Vi=k+1n and Jij=k+1n such that
Ak,ij;tO.

We ask now the question what happens to the coefficient C; of xix; from H', .
We have Cij= Ay jAx kiaks2 — 2Ax katiBi sz -
How Cy=Ciji it follows: Ay y Ak k2= Ak jDrksai-

Noting &;; the determinant obtaind by board A, with the columns k+2 and j and the
rows k+1 and i, from corollary 2, it follows:

(1) A A2k — Drikii jere = Aidjj Vizk+2, j2k+3
In particular, for i=j, we have:

2 AyiiAy ik — DiknBiiksz = A8 Vizk+3

How A, ; =0, it follows:

3) A|<,i k+1Ak,i k2 — _Aksii

From Lemma 5:
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(4) MDAk = Ak ieaiBikarj = ABij Vij=k+2 Vk=2
HOW Ay.1=Ay k41 k+1=0, we get from (4):

) Ak,k+1iAk,k+lj = _AkAk+1,ij

In particular, for i=j:

(6) Azk,k+1i = A Ayji

For i=k+2 in (6):

(7 Azk,k+1k+2 = AAakizkiz = DAk

therefore implicitly Ay.,=0.
From (5), for j=k+2:

(8) Ak,k+liAk,k+lk+2 = _AkAk+1,k+2i

We have now, from (3) and (5):

(9) Ak,k+1iAk,k+2jA2k,k+lj = A2I<Ak+l,ij6jj

From (6) and (9):
Ak,k+liAk,k+2jAk+l,jj = _AkAk+l,ij6jj
therefore:

AAid
(10)  AgpaiBikizj =————= 1 if Ay, j#0

k+1,jj

If Ay, ;=0 then, from (6) it follows: Ay .;;=0, and from (5) it follows: A, ;=0.
Also, from (3) it follows: &;;=0.

Therefore, if A, ;=0 then:

_AyA

C= A, A _9A A Ay kiakrz T 28 A0
i~ Ak ijBk k+Lk+2 kkliBkkr2j=

kL) I and, in

Ak+l,jj
particular: Cj=2A, 5 ;

and if Ay, ;=0then: Cij= A ;A ki1k:2 and, in particular: Cy=0.

Therefore:
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1 l n _
HO) = ———— D (AiArrez — 2By XiX; =
AkAk,k+lk+2 i,j=k+3

1 N AL A Ak keake2 T 2Dk A0

.. .. n
k+L i ii
AA > A XX + ZAk,ijAk,k+lk+2Xin
k2 k k+1k+2 | 1,j=k+3 K+, jj i,j=k+3
Ay, j#0 A1, j=0
2 4 N AAGDG
i€l _
AA 2 A Ak XiX 2 A NN
KDk k+lk+2 | Tj=k+3 i, j=k+3 k+L,jj
Ay j*
1 2 1 0 Aidji
i€
2 ___zAk,inin+ z A XiX;
k 1,j=k+3 kk+1k+2 1,j=k+3 k+1,jj
K+, j 7

4. Bordered Matrices

0 b, b, .. b,
b, a; a, .. a,
Let the bordered matrix: Hg=|b, a, a,, .. a, | and A}=
bn a'nl an2 ann
0 b, b, .. Dby
1 all a12 alk -
b, a,, a, .. a, | k=1n.
Dy Ay A . Ay

k
From Lemma 2.1, we have: A}=Y(-1)""bb,I; where I, is the appropriate

rs=1

n
minor of &; from the matrix of H(x)= > a;x;X; .
i,j=1
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k
Let consider the quadratic form: HZ(b)=- > (-1)"Tb,b, and A=
rs=1
Iy (- 1)k+1 Ly
(-1 D
k+1

ap Ak Ly (-1

Since =Al it follows: A, AR =AY
k+1
A )| (1) Ty D

from where: A5°= A% if A0.

If Ag,...,A20 then APeM(R), invertible, such that:

S 0o .. 0
Al
ayy Ak 1
pt p= 0 0
AlAZ
Ay Ay
0 0 !
Ak—lAk
We obtain after few computations:
A 0o .. 0
1—‘1 1 (_ 1)k+1 1—‘1k '
4 ( _1)t 0 AA, .. 0
P P) =A,
_1 k+lr F Rl Rl R
( ) k1 kk 0 0 AkflAk

Therefore, for As,...,A0 the normal form of HE(b) is:
HE(0) = — A (AC? + AALCE + ...+ A4 ACE)
where c=(c,,...,Cx) are the coordinates of b in the new basis.

As a result of these relations, it follows that if: As,...,A>0 then: A?( <0. If (-1)‘Ai>0
vi=1k then: sign( A2 )=sign(A,) therefore (-1)* A% >0.
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Analogously the things happen if Ay,...,Aj#0 and A ;=0 Vij=p+1Kk. In this case,

the normal form of Hg (b) is:
Ho(b)=—-A, (Alcf +AALCS + .t Ap_lApcs)
where ¢=(cy,...,Cx) are the coordinates of b in the new basis.

As a result of these relations, it follows that if: Ay,...,A;>0 and A,;i=0 Yij=p+1Kk

then: A2 <0. If (-1)'A;>0 Vi=1,p then: sign( A5 )=sign(A.) therefore (-1)“ A% >0.

If H is semi-definite, the problem is more complicated. So, in the case of
k

expression A%=Y(-1)*"b b, if A} is semi-definite then 3b’, b”eR* such
rs=1

that A} (b')>0, A% (b") <0. Difficult issue arises where for another determinant A2,

sk, which signs depending on the values of b is not strictly determined, the values
b’, b”eR* are not necessarily the same as in the case of A}.

5. The Convexity of the Functions

We present in this section some of the remarkable results of concavity or quasi-
concavity of functions.

Definition 5.1 A subset DcR" is called convex if Vx,yeD Vie[0,1]=Ax+(1-
A)yeD.

From definition, it follows that D is convex if and only if for any two points
x,yeD, the segment [X,y]<D.

Definition 5.2 A function f:DcR"—>R is called convex if Vx,yeD VAe[0,1]
follows
FOXH(L-L)y)<AF(X)+(1-L)f(y).

Definition 5.3 A function f:DcR"—>R is called concave if vx,yeD VAe[0,1]
follows
FOXH(L-L)y)>AF(X)+(1-L)f(y).

From the definitions, it follows that a function is convex (concave) if and only if
for any segment [x,y]cD the values of the restriction function is under (above) or
on the chord determined by the values of the function on the extremities of its.

Definition 5.4 A function f:DcR"—>R is called strictly convex if VvxyeD
VvAe(0,1) follows
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FOAX+(L-L)y)<AF(X)+(1-L)f(y).

Definition 5.5 A function f:DcR">R is called strictly concave if vx,yeD
vAe(0,1) follows

FAX+(L1-L)y)>AF(X)+(L1-L)f(y).

From these definitions, it follows that a function is strictly convex (concave) if and
only if for any segment [x,y]eD the values of the restriction function is under
(above) the chord determined by the values of the function on the extremities of its.

Definition 5.6 A function f:DcR"—>R, D — convex, is called quasiconvex if
vXx,yeD VAe[0,1] then: fOx+(1-A)y)<max(f(x),f(y)).

Definition 5.7 A function f:DcR"—>R, D — conve, is called quasiconcave if
vx,yeD Vie[0,1] then: fAX+(1-A)y)=min(f(x),f(y)).

From the definitions, it follows that a function is quasiconvex (quasiconcave) if
and only if for any segment [X,y]<D the values of the restriction function is under
(above) the maximum (minimum) level registered by the function at the ends.

Definition 5.8 A function f:DcR"—>R, D — convex, is called strictly quasiconvex
if Vx2yeD Vie(0,1) then: fOx+(1-1)y)<max(f(x),f(y)).

Definition 5.9 A function f:DcR"—>R, D — convex, is called strictly quasiconcave
if VxzyeD VAe(0,1) then: f(Ax+(1-1)y)>min(f(x),f(y)).

From the definitions, it follows that a function is strictly quasiconvex
(quasiconcave) if and only if for any segment [x,y]<D the values of the restriction
function is strictly under (above) the maximum (minimum) level registered by the
function at the ends.

Theorem 5.1 If A function f.DcR"->R, D - convex, is quasiconvex
(quasiconcave, convex, concave) then —f is quasiconcave (quasiconvex, concave,
convex).

After this theorem, where not explicitly stated, we state the results only for concave
functions, ie quasi-concave.

Theorem 5.2 A function f:DcR"—>R, D — convex, is quasiconcave (quasiconvex)
if and only if

f'[a,0) (F*(-0,a]) is convex VaeR.

Theorem 5.3 If a function f:DcR">R, D — convex, is concave then it is
guasiconcave.

Remark 5.1 A function quasiconcave is not necessarily concave.
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Theorem 5.4 If a function f.DcR"—>R, D — convex, is quasiconcave then of is
guasiconcave Yo>0.

Theorem 5.5 If the functions fi:DcR"—R, D — convex, k=1, m, are quasiconvex
then Vp0, i=1,m the function f=max(p:fi,...,.pmfm) is also quasiconvex.

Theorem 5.6 If the functions f,:DcR"—R, D — convex, k=1, m, are guasiconcave
then Vp;=0, i=1,m the function f=min(pify,...,pmfm) is also quasiconcave.

Theorem 5.7 If the function f:DcR" R, D — convex, is quasiconvex
(quasiconcave), and g:R—R is increasing, the function g.f:D—R is quasiconvex
(quasiconcave).

Theorem 5.8 If the function f:DcR"->R, D — convex, is of class C'(D) then it is
concave (strictly concave) if and only if:

F0)-F(9) < (F 2 (), - ) ¥xyeD

i=1 i

Theorem 5.9 If the function f:DcR"->R, D — convex, is of class C'(D) then it is
convex (strictly convex) if and only if:

F(x)—f(y) > (>>§1;% W) —y;) VxyeD

Theorem 5.10 If the function :DcR"—R, D — convex, is of class C'(D) then it is
guasiconcave (strictly quasiconcave) if and only if:

(x)>f(y) :ig(y)(xi _y,)>(>)0 ¥xyeD

Theorem 5.11 If the function f:DcR"—R, D — convex, is of class C'(D) then it is
guasiconvex (strictly quasiconvex) if and only if:

1f(y) :g%m(xi ~y,)2(>)0 ¥xyeD

Definition 5.6 A function f:DcR"->R, D — convex, feC'(D) is called
pseudoconvex if it is quasiconcave and f(x)>f(y) :>Zai(Y)(Xi—Yi)>0

i=1 Xi

vx,yeD.
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Definition 5.7 A function :DcR"—>R, D — convex, feC*(D) is called pseudo-

concave if it is quasiconvex and f(x)>f(y) = En:i (X)(x; —y;)>0 vx,yeD.
i=1 OX;

Suppose, in what follows, that f:DcR"—R, D — convex, is of class C*(D).

Let xoeD. From Taylor series expansion:

10, 0%
f(x)= f(Xo)+z—(Xo)( Xo.) ZZaXa (X0+U“(X_XO))(Xi_XOi)(Xj_XOj)
i,j=10X0X
,ae(0,1)
or otherwise, for x=xq+h:
f(xg+h) = f(x0)+z O e + 23 2F (o vanhh L ac()
i=1 X ! 2,1_18X8X m
We can write this:
n - of 18, 0%
f(x,+h)—-f(xy) =) — (X, )h. == X, +ah)h.h., 0,1
(X +h) =f(xo) iéaxi(o)| 2i§16Xi6 (Xo G’)Ijae( )

From Theorem 5.8 it follows that f is concave (strictly concave) if and only if
o 9%f

Xo +ah)h;h; <0 (<0).
iélaxiaxj( 0 ) it ( )

Like a conclusion, if d°f is negative semi-definite then f is concave.

Conversely, if f is concave, suppose that df is not negative-semi-definite. In this

0 9%f
case, 3x’eD such that: )’
i,j=LUA; Xj

(X")h;h; >0. Because the function f is of class

n 2
C*(D) it follows that IVeV(x’) such that: Y of

iLJFLOAOA

(X)h;h; >0 vxeV. Let r>0

such that the n-sphere of center x’ and radius r: B(x’,r)={xeR"| ||X —X'|| <r}cV.
Let now xeB(x’,r) and h=x-x’. We have:

n n 2
F() —F(x') - z&(x)h _;Zaf; (x+ah)hh,, ae(0.1)
i=1 i i,j=1 i
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Because [x+oth = x| = ||lah]| = e[| < b =[x = x]| < it follows
n 2 n

> of (X'+ah)h;h; >0 therefore:  f(x)—f(x') —Zﬁ(x')hi >0  which

i,j=10X;0X i1 OX;

contradicts the fact that the function is concave.
The proof is analogous in the case of convexity. Therefore:

Theorem 5.12 If the function f:DcR"—>R, D — convex, is of class CZ(D) then it is
concave (convex) if and only if d°f is negative (positive) semi-definite.

Suppose now that d*f is negative definite. In this case, we have:

no 5%f n of
X, +ah)h.h: <0, 0,1) therefore: f h) —f -y — h;
i%lﬁxiaxj( o +ah)h, i< ae(0,1) (Xo +h) =F(xp) é@xi (Xq)

<0. Therefore, the function is strictly concave. Analogously is shown for strictly
convex functions.

Theorem 5.13 If the function f:DcR"—R, D — convex, is of class C*(D) then if d*f
is negative (positive) definite, the function is strictly concave (strictly convex).

The reciprocal question is: if f is strictly concave then d?f is defined negatively?
The answer is unfortunately negative, meaning that d*f is negative semi-definite.

Now consider a function f:DcR.">R, D — convex, fe CZ(D), the bordered hessian
matrix:

N A S §
X, ox,  0X,
o Pf o o’f
ox,  oxZ  oxox, | OX©OX,
B
H*(F)=| of of & o'f
OX, OX,0X,  OXZ T OX,0X,
[N B
X, OX 0X, Ox.ox, X}

and the bordered principal diagonal determinants:
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o O o o

00X, oX, OX

of o o°f o°f
o, X2 aX0X, 0%, L
Ae=lof o o 0% |, k=Ln

OX, OX,0%, X3 T OX,0%,

of o°f o°f o°f

OX,  OX X, OXX, X2

Theorem 5.14 If the function f:DcR."—R, D — convex, feC*(D) is quasiconcave
then: A° <0, AS>0, A <0,... (the determinants signs being alternate).

Theorem 5.15 In order that the function f:DcR.,">R, D — convex, feCz(D) be
quasiconcave is sufficient that: AS<0, AS>0, AS<O0,.. (the determinants signs
being alternate).

Theorem 5.16 If the function f:DcR."—R, D — convex, feC*(D) is quasiconvex
then: AP <0, A5 <0, A$<0,..., A <0.

Theorem 5.17 In order that the function f:DcR.,">R, D — convex, feCz(D) be
quasiconvex is sufficient that: A? <0, A% <0, A§<0,..., A <0.

Remark 5.2 From Section 3, we have seen that if f is concave (convex, strictly
concave, strictly convex) then (—1)"Ak20 (A0, (—l)kAk>0, A>0). From Section 4, it
follows that the function is quasiconcave (quasiconvex, strictly quasiconcave,
strictly quasiconvex).

6. The Convexity Analysis of Production Functions
6.1. The Cobb-Douglas Function
The Cobb-Douglas function has the following expression:
f:Dc R -{0} >R, (X1, Xn)=>F (X1, Xn) = AXE X0 €Ry V(Xy,...,Xn) €D, AeR,,
oly,...,0n>0

Computing the partial derivatives of first and second order, we get:

. - of . —
o= A x 7 X% =— vi=ln
1 X
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_ ogof . —
ol x4 x4 =0 vigj=1n

fll
i X =Xy
in

- !
XX, = a0 AX . X

", =0y (oy AKX 2 X =M vi=Ln

X;
The Hessian matrix is:
O‘1(0‘1 _1)f a0, f
)(12 XXy
Hf=
OLlo('nf OLn(ocn _1)f

We have now:
k k _
A= (—1)kAkx|l<arZ,..XEak—ZHai [1_ Zai] . k=1n.
i=1 i=1

k
A= (D) oy | (q a jAk*lxgk“)“l‘z .. .xi("“)‘)‘i‘3 . .xgkﬂ)‘*rs .. .Xf(k”)“k_z , k=1Ln, iz,

i,j>k+1
We note first that A ;#0, k=1,n , i, i j2k+1.
Because o;>0, i=1n it follows: sign(Ay)=sign (—1)k(1—zk:ocij.
i=1
We get therefore that:
e sign (—1)k(1—zk:ocij>0, k=1n implies that f is strictly convex. We have
i=1

however, for k=1: 1-0;<0, and for k=2: 1-o;-a,>0 therefore: a>1, ay+a,<1 which

conflicts with o;>0, i=1,_n . Therefore, the Cobb-Douglas function cannot be strictly
convex.

k —
e sign (1— Za-j >0, k=1,n implies that f is strictly concave;

i
i=1
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- k
e3Jk=1n (after a possible renumbering), k=even such that: 1- a; <0 or 3k,p=
i=1

_ k p
1,n, k,p=odd such that 1-> a; <0 and 1- " o; >0 then f has a saddle point;
i=1 i=1
_ p -
e3k=1n (after a possible renumbering) such that: 1-> a;#0 Vp=1k, but

i=1

S JE—
1-> 0;=0 vs=k+1n (this thing, because the fact that o;>0 cannot occur only
i=1

for 1- " a; =0) then:
i=1

k JE—
oif sign (—1)"(1— Zaij>0, k=1,n -1 implies the fact that f is convex. In this case,
i=1

n
for k=1: 1-0,,<0 therefore o,;>1, the equality )’ a; =1 cannot occur;
i=1

k -
oif sign (1—Zocij >0, k=1,n -1 implies the fact that f is concave.

i=1
In particular, for the Cobb-Douglas function: f(Xy,...,Xn)=AX{*X5?, ay,0,>0, we
have:
o oy ta<limplies the fact that f is strictly concave;

e ay+ap>1 implies the fact that f has saddle points, therefore it is not convex and
not concave;

o oy ta,=1 implies the fact that f is concave.
6.2. The CES Function
The CES function has the following expression:

ol

M=

f:Dc R -{0}>R., (X1,....X0)—>f(X4,....Xn)= oc[ Bixi"J eR: V(Xy,....Xn) €D,

i=1

o,B1...Bn>0, p£0,1, > B; =1
i1

Computing the partial derivatives of first and second order, we get:
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1y

f'xi:aﬁixip_l(zn:ﬁkxﬁjp = E — Vi=l,
k1

n 2 B.(o=1)xPxr? _
—aBiB,-(l—p)xf*X‘i‘l[ ka‘in - POBIMT vty
k=1

. 1o, Bi(P_l)XF_Z(inXﬁ_BiXFJf
'y x, :aBi(p_l)Xip_z(ZkaﬁJp (Zﬁkxﬁ _Bixfj: - 2
k=1 k=1 n o
(ZBkaj
k=1
vi=1n
The Hessian matrix is:
Hf:
p-2 . p_ P
-t (Bostmatf 6 e BBl Xt
n 2 n 2 n 2
(Shax) (Shax) (Spax)
s=1 s=1 s=1
p-2 S p_ p
il i) _Baalp-1xs e
n 2 n 2 n 2
(Shax) (Shax) (Shax)
s=1 s=1 s=1
e
B (- Byl 1 X Pa(p—2h @Bsxs F "Xﬁjf
n 2 n 2 n 2
[zﬁsxsj (ZBSXEJ [zﬁsxsj
s=1 s=1 s=1
We have now:
k k n
-1 TIBIIx? XBx  —
A= b-1) g g s=zk+1 , k=1,n (where the last sum in the numerator is 0

n k+1
(Spax)
s=1
for k=n)
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k k+1 k = p—1 p—lf k+1
Biﬁjgﬁs(p_l) [1x Xi X

s=1
n k+2
(Spx )
s=1

If p>1 then A>0, k=1,n—-1 and A,=0. In this case, the function is convex (non
strictly).

If p<1 then (-1)*A,>0 and A,=0, the function being concave (non strictly).

20, k=1,n , i#j, i j=k+1

Ak,ij =
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7. The Analysis of Quasi-Concavity of Production Functions
7.1. The Cobb-Douglas Function
Let the bordered Hessian matrix:

o uf %f ol
Xy X2 Xn
of oy (o, —1)f o, 0L, f oy, f
Xy X3 XXz X1 Xn
H2(f) =| o, f o 0,f ay (0, ~1)f op0, f
X2 XXa X3 XX
oi;].f aldnf azdnf o, (o, —1)f
Xn X1Xn X2Xn Xﬁ
Kk
[Toi 2oy
We have: A%=(—1)ffkisL il _ k=1n. Because (-1)*sign(A2)>0 it follows

)
i=1
that the function is strictly quasiconcave. From Section 6, we have seen that for

some values of o, i=1,n the function has allow saddle points, therefore it was not
concave and not convex. On the other hand, we have seen now that the function is
strictly quasiconcave.

7.2. The CES function
Let the bordered Hessian matrix:

0 ﬁl)(lf.k1 [32)(271 anﬁ71
2 BiXk Do Bixk 2 Bk
i i =i
(o102 3B Xt ~pxt

bt B0~ (Epurt-nix BBl BBl
n . 2 . 2 2
kz:lﬁkxﬁ (ZBkXﬁJ (Zkaﬁj (zﬁkxk]

) k= ic

HE(f) = _1)xe2 . p_ o
(f) B0t 51132( Dxixs ! Bo(p—1x5 [kZ:lBka ﬁzxzj BB, (p—Dxsixe

n 2 . 2 2
kz:lﬁkxﬁ (ZBkaj (Zﬁkxﬁj (zﬁkxkj

P} =) i

-2 n p_ P
anp -1 B]B ( )Xp 1Xp -1 BzB ( )Xp 1Xp -1 ﬁn(pfl)xﬁ (kZ:IBka annj
2 2 ., 2

kz:lﬁkxk (Zﬁkxkj [Zﬁkxkj (Zﬁkxﬁj

k=1 k=1 k=1
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(p _1)1(—1[1&[ Bi jﬁ X%)izf k+1
L k=1,n.

Ek+1

We have: A} = -

If p<1 then (-1)*sign( A® )>0 therefore the function is quasiconcave.

If p>1 then sign( A} )<0 therefore the function is quasiconvex.

7. Conclusions

The above analysis reveals several aspects. On the one hand, the Gauss method of
reducing a quadratic form to the normal form using determinants (unlike classical
algorithm) gives clues to its nature without necessarily having to actually obtain the
normal form. On the other hand, makes a strong link with the theory of bordered
matrices, the matrix remaining after removal behavior board determines, in some
cases, the behavior of the original matrix. The production function analysis reveals
that, despite the fact that they are not necessarily concave or strictly concave, they
are guasi-concave and so satisfying the uniqueness of extreme points with linear
constraints.
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