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A Type of a Rational Production Function
Catalin Angelo loan', Gina loan?

Abstract: The article deals with a particular rational production function of two factors with constant
scale return. It were determined from the compatibility conditions with the axioms of production
function all the cases for a such function.
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1 Introduction

In what follows we shall presume there is a certain number of resources,
supposedly indivisible needed for the proper functioning of the production process.

We define on R? — the production space for two resources: K — capital and L -
labor as SP={(K,L) | K,L>0} where xeSP, x=(K,L) is an ordered set of resources
and we restrict the production area to a subset D,cSP called domain of
production.

It is called production function an application Q:D,—R., (K,L)>Q(K,L)eR,
V(K,L)eD,.

For an efficient and complex mathematical analysis of a production function, we
impose a number of axioms both its definition and its scope.

1. The domain of production is convex;
2. Q(0,0)=0 (if it is defined on (0,0));
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3. The production function is of class C* on D, that is it admits partial derivatives
of order 2 and they are continuous;

4. The production function is monotonically increasing in each variable;

5. The production function is quasiconcave that is: Q(Ax+(1-A)y)=min(Q(x),Q(y))
vAe[0,1] VX,yeR,.

In a preceding paper ([5]), one of the authors define a rational production function
with constant return to scale as:

Q:D,cR*5R,, (K,L)—>Q(K,L)eR, V(K,L)eD,

Q(K,L)= |Z((P|it)) VK,L>0

where P and R are homogenous polynomials in K and L, deg P=n, deg R=n-1, n>2.

The compatibility conditions for that function to be of production were (from
theorem 2):

w, '(x)>0
wy '(x)<0
w,"(x)<0

where X:% and w,_, w, are the average productivity relative to L and K

respectively.

2 A Type of a Rational Production Function

Let now:

2 2
Q(K, L)= aK“ + bKL +cL a,d=0
dK +eL

We shall suppose that d=1 with loss of generality, after a simplification of the ratio
with d.

ak? + bKL +cL? _LaX2+bX+C

Therefore, let: Q(K,L)= oL
+e Y +e

The average productivity relative to K and L are:
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Q(K,L) _ay®+by +c

wy (1)= K “+e)

The first and the second derivatives are:

.\ (ae—b)? —2cy —ce
w =
< ) el

2
o\_ay - +2aey+be—c
WL ( )_ 2
(x+e)
ae’ —be+c
(x+e)
The compatibility conditions become:

WL"(X): 2

ay? + 2aey +be —c
(x +e)f
(ae—b)y® —2cy —ce
Cluref
o8 —be;rc<0

(x+e)

or after simplifying:

>0

<0

ay? +2aey+be—c>0
(ae—b)y? —2cy —ce<0
(ae? —be +c)y +€)<0

LX)~

( )_Q(K,L):ax2+bx+c
L x+e

Let now the transformation: ¢ =y +e, therefore ¢>e and also: g=ae? —be +c.

The conditions become:
ap> —g>0
(ae—b)p? — 29 +ge <0
g6 <0

Case 1: g>0
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From the third inequality, we have that ¢ <0. From the first: ag?> >g >0 therefore

a>0. Also: ¢e{— 0,— %]u(\/g,oo] and because ¢ <0 we get: ¢e[— oo,—\/gJ
or 0<x<—e—\/§.
a

But 0<-e-— \/g is equivalent with: \/g < —e therefore e<0 and be >c.
Analysing the inequality: f(¢)=(ae —b)dp* —2gd +ge <O we have first A=cg.
If c<0 then A<O therefore sgn(f(¢))=sgn(ae —b)=sgn (%) =-1. In consequence:

(ae—b)p? —2gd+ge <0 V¢ €R.
If ¢c>0 then A>0. The roots of the equation (ae—b)p? —2gp+ge=0 are:

+ —
by =2 ;\@ therefore if ae> b then: ¢e(9 Jeg g +‘@J which is possible

ae—b ae—b ' ae-b

if ﬂw that

because ¢ <0 is: e(ae—b)<0 which is true. In this case:

ae—b
de g_\@,O or ye ﬂ,—e .
ae—b ae—b

If now ae<b then: ¢e(—w,g+@]u(g_‘/c_g oo}. Because, in this case:

ae—b ae—b '

: : g++/cg g—+/cg
N finally find that: - 0
g>4cg we finally fin a (I)E( e JU( oD J or
Xe(c—dcg J

ae—b
If ae=Db then: ¢ >% which is true because e<0. In this case: 0 <y <—e— \/g .
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Case 2: g<0
From the third inequality, we have that ¢ > 0. From the first: ap? >¢.

If now a>0 the inequality holds for all ¢eR. From the relation:
(ae—b)h? — 2g¢ +ge <0 we have A=cg.

If c>0 we obtain A<O therefore if ae<b then the inequality holds for all ¢ eR. If
ae>Db then: ¢ €.

If ae=b then: g=c>0 — contradiction.

If now c<0O we have: A>0 therefore, if ae>b: ¢e(g—@ g+\/c_gJ or

ae—b ' ae-b

ae—b ' ae-b

If e>0 then y <0 therefore y €. If e<0then y e (0, e ‘/@J :

If  now ae<b: el -0 IV 1|97V 4 that is:
ae—b ae—b
Xe(_oo,“vcgju(c‘vcg e].

ae—b ae—b

If e>0 then y <O therefore y €. If e<0 then: y {O, CaJ;‘/Cb_gJ U (Ca_e\/ia_g ,—e} .

g
ae—b

If c=0 then A=0 and we must have ae<b and ¢ # or xy#0.
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Let suppose now that a<0. In this case, from the first: ad’? >g therefore

d)e[—oo,—\/gJu[\/g,ooj and because ¢>0 we get: ¢e(\/§,ooJ or
a a a

et |9 o
oo B

For the inequality (ae —b)y? — 299 +ge <0 we have A=cg.

If c>0 we obtain A<O therefore if ae<b then the inequality holds for all ¢ eR. If
ae>b then: ¢ €.

If ae=b then: g=c>0 — contradiction.

If now c<0O we have: A>0 therefore, if ae>bh: ¢e(

585

ae—b ' ae-b

] g+@} o

ae—b " ae—b

If e>0 then y <0 therefore x €. If e<0 then y e (0, e ‘/@J :

If  now ae<b: ¢e[—w,g+@Ju(g_@,OJ that is:

ae—b ae—b

Xe(_oo,ch/cgJu(c—,/cg ,—e].
ae—b ae—b
If e>0 then y <0 therefore y €. If e<0then: y e O,CJr A2 ) Sl A —€ .
ae—b ae—b
If c=0 then A=0 and we must have ae<b and ¢ # 9 5 or x=0.
ae—

Finally we have the following cases for all combinations of parameters:

1. ae? —be+c>0, a>0, e<0, c<0, be >¢c, 0<X<—e—\/§
a
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2. ae? —be +¢>0, a>0, e<0, c>0, be >c, ae>b, ¢ » <y<-e
ae—
3. ae? —be +c¢>0, a>0, e<0, ¢>0, be >c, ae<b, ca;\/(;_g <y<—e

4. ae? —be +c¢>0, a0, e<0, ¢>0, be >c, ae=b, 0<x<—e—\/g
5. ae? —be+c<0, a>0,c>0, ae<b, y >0

¢+ /ey

6. ae? —be +c<0, a>0, c<0, e<0, ae>b, 0<y <

ae—b
C+4/C c—+/C
7. ae® —be +c<0, a>0, c<0, e<0, ae<b, y | 0, +\/_g U ‘/_g,—e
ae—b ae—b
8. ae” —be <0, a>0, c=0, e>0, ae<b, x>0
9. ae’ —be+c<0,a<0,c>0, ae<b, be<c y>—-e+ 9
a

10. ae* —be + ¢ <0, a<0, ¢>0, ae<b, be>c ¥ >0

C+4/C
11. ae® —be +¢ <0, a<0, ¢<0, e<0, ae > b, O<X<;—\/E

C+4/C c—.Jc
12. ae? —be + ¢ <0, a<0, c<0, e<0, ae < b, xe(o, Al ngu( g ,—e}
ae—

ae—b

13. ae? —be <0, a<0, ¢=0, e<0, ae<b, ¥ >0

3 The Main Indicators of the Production Function

2 2
Considering now a production function: Q(K, L): aK” +bKL +cl we have:

K+eL

2 )2
o the marginal productivity relative to K: n, _0Q _aK® + 2aeKL +(be —c)L

oK (K+eLy
_ 2 2
e the marginal productivity relative to L: n_= Z—S = (b aE)TK * ZCL|)<2L el
+e
_Q _aK?+bKL +cL?

o the average productivity relative to K: w e K(K eL)
+
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2 2
e the average productivity relative to L: w,_ :% _ aK® +bKL +cL

L(K +eL)
Nk -

ML

o the partial marginal substitution rate of factors K and L: RMS(K,L)=

aK? + 2aeKL + (be — c)L2

(b —ae)K? + 2cKL + cel?

o the elasticity of output with respect to K:
_ e _ Klak? + 2aeKL + (be —c)?)

“wy  (K+el)ak?+bKL +cL?)

o the elasticity of output with respect to L:
o K((b —ae)K? + 2cKL + ceLz)

““w_  (K+eL)ak? +bKL +cL?)

e the elasticity of the marginal rate of technical substitution

ORMS(K, L)

€k

o= o _ Z(ae2 —be+ c)x(axz + by + c)
RMS(K,L)  (ay? + 2aey + be —c)(b —ae)y? + 2cx + ce)
X

4 Example for the Case 1
ae? —be +¢>0, a>0, e<0, c<0, be >¢, 0<X<—e—\/§
a

The graph for a=2, b=0, c=-1, e=-1is:

Figure 1
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5 Conclusions

Rational production functions may occur in the process of determining specific
method of least squares (leading to relatively simple systems solved) based on
concrete data. Conditions compatibility axioms production function were analyzed
and obtaining 13 cases for a ratio of polinomyals of degree 2 and 1 respectively.
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