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A Study of Cobb-Douglas
Production Function with Differential Geometry

Alin Cristian loan!

Abstract: In this paper we shall made an analysis of Cobb-Douglas production function from the
differential point of view. We shall obtain some interesting results about the nature of the points of
the surface, the total curvature, the conditions when a production function is minimal and finally we
give the equations of the geodesics on the surface i.e. the curves of minimal length between two
points.
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1. Introduction

In the theory of production functions, all computations and phenomenons are
studied for a constant level of production. In order to detect many aspects of them,
a complete analysis can be made only at the entire surface.

We therefore define on R® — the production space for two resources: K — capital
and L - labor as SP={(K,L) | K,L>0} where xeSP, x=(K,L) is an ordered set of
resources. Because in a production process, depending on the nature of applied
technology, but also its specificity, not any amount of resources are possible, we
restrict the production area to a subset D,SP called domain of production.

It is called a Cobb-Douglas production function an application:
Q:D,—R., (K,L)»Q(K,L)=cK*L"eR, V(K,L)eD,, a,peR",, c>0

The production function is C*-differentiable and homogenous of degree a.+f3.
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2. The Differential Geometry of Cobb-Douglas Surface
The graph representation of a production function is a surface.
Let note in what follows:
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We have after simple calculations:
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we obtain that Q is quasiconcave, that is for any acR, Q™'([a,0)) is convex in R

For a constant value of one parameter we obtain a curve on the surface, that is
Q=Q(K,Lg) or Q=Q(Ko,L) are both curves on the production surface. They are
obtained from the intersection of the plane L=L, or K=K, with the surface

Q=Q(K,L).

In the study of the surfaces, two quadratic forms are very useful.
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The first fundamental quadratic form of the surface is:
(5) g:glld L2+2912d LdK+g22dK2

where: gu=1+p% 91,=pd, goo=1+0".
In our case:

(6)g11=1+ B2’ K* L2 | 9= afc’K?* LT | gpo=1+ a’c’K* 2 L%

The area element is:

(7)do=+/9,9,, — g7 dKdL= VA dKdL= 1+ a2c? K2 212 + B2C?K2*L2P2 dKdL

and the surface area A when (K,L)eR (a region in the plane K-O-L) is
A= [[ dodKdL .
R

The second fundamental form of the surface is:
(8) h=hy;,dL%+2 hy,dLdK+ hp,dK?

r S t
where: hy;= , hyo= , hyo= .
\/1+p2+q2 \/1+ p’+q° \/1+p2+q2
In our case:
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_ afcK L
hlZ_

\/1+0c2C2K2°‘72L25 +32C2K2a|_2[372 '

oo —1)cK2LP
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h=

Considering the quantity 8=hy;hy,-hy,” we have that:

ap(o+p—1)c?K 22 22

(10)  8=- 1+ 0 ?C’ K22 %P 4 p2c2K 24 282

e |If 8>0 in each point of the surface, we will say that it is elliptical. Such surfaces
are the hyperboloid with two sheets, the elliptical paraboloid and the ellipsoid.

e If <0 in each point of the surface, we will say that it is hyperbolic. Such
surfaces are the hyperboloid with one sheet and the hyperbolic paraboloid.
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¢ |If =0 in each point of the surface, we will say that it is parabolic. Such surfaces
are the cone surfaces and the cylinder surfaces.

From (10) we find that:

e o+ <1:the production surface is elliptical;
e o+ =1:the production surface is parabolic;
e o+ >1:the production surface is hyperbolic

The curvature of a curve is, from an elementary point of view, the degree of
deviation of the curve relative to a straight line. Considering a surface S and an
arbitrary curve through a point P of the surface who has the tangent vector v in P,
let the plane = determined by the vector v and the normal N in P at S. The
intersection of = with S is a curve C,, named normal section of S. Its curvature is
called normal curvature.

o dL . . .
If we have a direction m=R in the tangent plane of the surface in an arbitrary
point P we have that the normal curvature is given by:

h,,m?*+2h,m+h,,

(1) k(m)=——
gllm + 2ngm + gZZ

The extreme values k; and k, of the function k(m) are called the principal
curvatures of the surface in that point. They satisfy also the equation:

(12) (911922'9122)kz'(gllhzz'zglzh12+922h11)k+(h11h22'h122):0
The values of m, who give the extremes, call principal directions in that point.

They also satisfy the equation:

(13) (g118-912r)m2+(911t-gzzr)m+(glzt-gzzS)=0

The curve :—:Ezm (where m is one of the principal directions) is called line of

curvature on the surface. On such a curve we have the maximum or minimum
variation of the value of Q in a neighborhood of P.

The quantity K=k;k, is named the total curvature in the considered point and

kK, +k, . . .
H= 172 is named the mean curvature of the surface in that point.

We have therefore:
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(14) K= huh,—hi, 8 _  op(a+p-1)c’K* L

01,92 _9122 A (1+ a’ciK?e2 +[32C2|(2(XL2I3_2)2

(15)
H= g11h22 — 2912h12 + gzzhn =
9192 — glzz

K2 (a1 )2 + BL-B)K® + apla+ BEPKXL?)
(1 + a2CPK 222 4 B2p2K 2| 262 )g

A surface with K=constant call surface with constant total curvature and if H=0

call minimal surface. In our case we can see that K=0 if and only if: a+p=1.

If we consider now in the tangent plane = at the surface in a point P a direction m,

if h;;m?+2 hym+h,=0 we will say that m is an asymptotic direction, and the
dL dL

2
equation: hn(&j +2h,, K +h,, =0 gives the asymptotic curves of the surface

in the point P.

In our case, the asymptotic directions are:

(16) ml:ocB+ ocB(oc+B—1 L mZ:(xB— afla+p-1 L
BL-p) K’ Ba-p) K

If a+p=1 then both asymptotic directions are equal.

With notations x*=L, x*=K, let define now the Christoffel symbols of first order:

17 ij k== =L 4 2k =
an ikl 2( ox' ox! oxX

and of second order:
i

jk =g"|jk,11+g”|jk2|

(18)

where gllziG, g”:-i F, gzz:i E are the components of the inverse matrix of

(gll ng ) )
ng g22
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We have now:
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From the upper we find that:
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12,1 = af?PK 2L [12,2] = oa*B?K 224 L2,

| 22,1| = (X((l _1)3C2K_2+2a L—l+2[3 ’ ’ 2212 ’ - (XZ((I _1)C2K—3+20L LZB
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1 a aBZCZKlJrZG.LZB
12 - BZCZK2+20LLZB +(XZCZK2&L2+2[3 + K2L2 !
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_ a2(a _1)C2L2+2B
- K320 2 +BZC2K3LZB + 0 2C2K 22

2
22
A geodesic is in common language the shortest curve between two points. It is

useful when we try to determine the shortest way to go from a production at other

in a minimum time. The equation of a geodesic is:
240 | j k
- L
ds jk| ds ds

that is:

2L 1 2 1
(24) d—lz' + a +2
ds 11\ ds 12

dLdk  |1)dk )’
— — | =0
ds ds |22\ ds

2 2 212 2 2
(25) d}2<+ d—L +2 d—Ld—K+ d—K =0
ds 11\ ds 12/ ds ds |22\ ds
or, with the quantities determined:
(24)
dziL ) (B —l)BZC2K2+2“ [dL]Z
ds? B FZL 4 Lok + KL P )\ ds
2 aBZCZKHZaLZB $d£+ (X((X.—lﬁCZKzaLhzﬁ (dl(jz ~ 0
BzczK2+2aL2ﬁ+azC2K2aL2+2ﬁ+K2L2 ds ds B2C2K2+ZQL2B+(X2CZK20"LZ+ZB+K2L2 ds -
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(25)
2K a(p-1)pclKi2 L2 Ly
_+ _
dsz BZCZK2+2aL2B +a2C2K2aL2+2ﬁ + K2L2 ds
(XZBCZKZOLLI-%—Z[% d_Ld_K+ (X,Z(O(—l)CZL2+2B d_K]z ~ O
BZCZKZJrZ(XLZﬁ +(XZCZK2aL2+2B+K2L2 ds ds K372(1L2 +BZCZK3L2[3 +GZCZKL2+2[5 ds

The equations of geodesics are: L=L(s), K=K(s) where s is the element of arc on
the curves.
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