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Abstract: The paper treats the Stackelberg where marginal costs corresponding to two companies are
linear. It also examines the profitability of the merger of the two companies in order to maximize the
profit.
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1. Introduction

Let two companies A and B. Consider first that the company A is a leading quantity.
If it will produce good Qa units of a good, then the company B will adjust its
production at Qs=f(Qa)units of the same good (f being called the reaction function).

The sale price is dependent on the total quantity of goods reached the market. Be so:

P=p(Qa+Qe)
the price per unit of good.

The A company must establish a level of production related to the reaction of B,
because through its production realized will determine the selling price of the
product. Similarly, firm B will adjust its production according to A, because at a
higher or lower production, the price will change and therefore the profit of the
company.
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2 The Analysis

Consider the function of price (the inverse demand function) of the form:

p(Q)=a-bQ, a,b>0
Also, consider that the marginal costs for A and B are linear:

Cm,(Q)=0aQ+Ba, Cmg(Q)=05Q+Bg, 0tp 050

Let also the profit of the leader:

A (Qa) =P(Qa +Q6)Qa ~CTa(Qa) =2Qn ~b(Qa +Q5)Qs ~CTa(QW) =
—bQA +(@—bQg)Qa ~CTA(QW)

Because Qg=f(Qa) We have:

TT5(Qa) =P(Qa +F(Qa))Qa —CTa(Qa) =—bQA +2Q, —bQAF(QA) —~ CTA(QA)

Let consider now, also, the profit of the satellite:

M5 (Qs) =P(Qa +Qe Qe ~CT,(Qs) =2Q5 ~b(Q + Q5 )Qs ~CT,(Qa) =
—bQg +(a—bQ, )Qs ~CTs(Qs)

The extreme condition for the profit of A is:

aHaAT(QA):—ZbQA +a-bf(Qa) ~bQAF'(Qa) ~CMA(QA) =0
A

or other, taking into account of the marginal cost expression:
—2bQ, +a—-bf(Qn) —bQAF'(Qa) —pQa —BA =0
and those for the satellite B:

ol (Qg) _
Qg

or, taking into account of the marginal cost expression:
—2bQg +a—bQ, —0gQg —Pg =0

Considering therefore the production of the leader Qa being given, it follows that the
production of the satellite satisfies the condition:

—2bQg +a-bQ, —Cmg(Qg) =0
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_a-Pg—hQ,
2b+og

Qs

Varying now the production Qa we have that QB:f(QA):a_ZBbBA from where,
+0pg

the question of leader’s profit maximization is:

2
—2bQ, +a-b2=Pe=PQa bR 5 g _g

2b+og 2b+og
or other:
Q. = ab+aag —2bB, —agPa +bPg

2b® + 2b(0LA + ocB)+ oaOg
We obtain now for the satellite B:
Q= a—P,—bQn _
2b+ag
(b2 + (ZU'A +og )b + OLAOLB)a + (ZBA - 3BB)b2 - (ZaABb +20.5Pg —0gPA )b — 0P
(2b+ g 2% + 2b(ctp + g )+ 0tplg)
The condition for the leader to have a higher production than the satellite returns to
QA > Qg Which is equivalent to:

(a_GBA+5BB)b2+[(Za+SBB)(aB_aA)+5(aABB_aBBA)]b+aaB(aB_aA)+aB(aABB_aBBA)>O
From Cm,(Q)=0,Q+B,, CMy(Q)=0zQ+Ps We obtain after a simple
integration:

CTA(Q)=°°7AQ2 +BAQ+ A, CTB(Q)=°°—;Q2 +BgQ + 7 With yaye>0

Returning to the profits of both firms A and B we have:
Ma(Q)) = p(Qa + Q5 RA ~CTA(QA )=
~bQ7 +(a-bQ; Jok ~ %2 Q- aQi 74 =
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(—2b2 —2b(0cA +(xB)—aA(bif +2(ab+aocB +bBg —2bB A —OLBBA)Q; —4y,b—2a57,
2(2b+ag)

*

I, (Qb )= plQh + Q5 Jos ~CTo (3 )=a0; ~b(Q} + Q5 )5 ~ 52 Q5 Qs 75 =

@-Ba —bQA)

22brag) '®

Suppose now that the two firms merge to form a monopoly with the same total
production:

Q=Q,+Qs
the price p= p(Q’,; + Q;)z p(Q*) keeping also constant.
The profit of the monopoly is:

(Q")=(p-CTM(Q"))- Q"

where CTM(Q")= CTA(Qa)+ C;rB Qe) is the average cost of the production of the

Qj—\+QB
monopoly.
We have therefore:
. CTA(Q,)+CT.(Q- T P . .
H(Q){p— A(%)IQ*B(QB)J(QA+QB)=|0(QA+QB)—CTA(QA)—CTB(QB)=
A B
a-b(Qh + Qb )~ Q% ~BaQn ~ 74~ 2 Q¥ ~BeQp ~ o=
e . agla-B,-bQn) a-B,—bQy
5 <A (b+BA)QA+a > (2b+0tB)2 (b"'BB) 2b+ay Ya— VB
But:
A Q)+ TTa(Q5)=
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(— b2 —2b(0cA +aB)—aAaBb;2 + Z(aaB +2bBg —2bp —OLBBA)Q:\ +a? +BZB —2afg
2(2b+ag)

~Ya~7TB
from where:
H(Q; + Q;)— I, (Q; )_ g (Q; ) =

b(b+as Q2 —(b+aB)(2b2 +2bPg +a0g + baB)QZ +(aaB +2ab+bp —aZXb+aB)+BB(bBB +b? +aaB)
(2b+ocB)2

where:

« ab+aog —2bBy —agPa +bPg
QA: 2
2b +2b(0.A +OLB)+O(.AOLB

If H(Q; + Q;)— HA(QZ)—HB(Q:\)> 0 then, when the two companies will merge,
the profit will increase.

3 Conclusions

The assumptions made in the given hypothesis is plausible because in a reasonable
time, the marginal cost can be assumed linear. Also, the terms of the merger of two
companies in order to increase profitability are necessary to be known, because in a
highly competitive market conditions and strong competing firms, an atomization of
the production leading to low profits or even the disappearance of firms from the
market.
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