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On Certain Conditions for Generating Production Functions - |

Catalin Angelo loan', Gina loan?

Abstract: The article is the first in a series that will treat underlying conditions to generate a
production function. The importance of production functions is fundamental to analyze and forecast
the various indicators that highlights different aspects of the production process. How often forgets
that these functions start from some premises, the article comes just meeting these challenges,
analyzing different initial conditions. On the other hand, where possible, we have shown the concrete
way of determining the parameters of the function.
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1 Introduction
Theory of production functions is vitally important in microeconomic analysis.

The need of economic phenomena mathematization, not only from a desire to give
legitimacy to scientific economic theory but rather, to draw conclusions and
prediction of enterprise activity required a careful analysis of them.

Well-thought literature profile, but especially practical applications encountered in
all kinds of handouts, printed or online, we drew a number of issues that sometimes
are neglected (probably considered insignificant) or omitted with true intent.

The first issue found by us is that of verification of sufficient conditions (not
always necessary, but depending on the actual nature of the problem) as a function
to be truly of production.

Another aspect which seems essential is the practical applicability. One question
that could be asked of any student from any part of the Earth, is: “Departing from a
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series of discrete data, how you will generate the output and, especially, what kind
of production function will choose?”

By own researches, | realized that maybe over 90% of production functions
presented in teaching applications are of Cobb-Douglas type (requiring, however,
the constancy of elasticity), the remainder being more or less created artificial
(often they even unverified existing conditions).

It might object here that the learning exercises aims to increase math skills with
these functions. The problem is not this, but what follow...

| rarely saw concrete applications, showing clearly how to practically apply these
functions. Without this approach, the theory remains dry, with beautiful graphics
(as an aside, all graphs of production looks pretty much the same, what will result
in the following) and without practical application.

Following these minimum considerations, we will try in the following pages to
generate major production functions based on practical conditions (the approach
being not new, meeting in original papers), but systematized and then explaining in
each case how can apply them practically.

2 General Notions

In what follows, we assume that resources are infinitely divisible, which implies
the use of specific tools of mathematical analysis to analyze specific phenomena.

We thus define on R" the space of production for n fixed resources as:
SP={(Xy,...Xn) | X20, i=1,n }

where XxeSP, Xx=(Xy,...,X,) is an ordered set of resources (inputs).

Because within a production process, depending on the nature of applied
technology, but also its specificity, not any amount of resources possible, we will
restrict the production area to a subset D,SP called production domain.

It is now called production function (output) an application:
Q:Dy—>R:, (X1, Xn)>Q(X1,...,.Xn) €R+ V(X1,...,Xn) €Dy

For an effective and complex mathematical analysis of a production function we
will require a number of axioms (not all essential) both its scope and its definition.

Al. The production domain D, is convex i.e. VX=(Xi,...Xn), Y=(Y1,....Yn)€Dp
vAe[0,1] follows
(L-A)x+Ay=((1-A)X1+Ay1,...,(1-A) X, +Ly,) €Dy
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Axiom Al only mean that in the process of changing of the inputs from a level x to
y, the linear shift is achieved through a series of successive steps which keeps them
in the field of production, so by default the possibility of using the production
function chosen. The condition could relax here, requiring domain to be, for
example, connected by arches, that to be a continuous path between any two n-uple
inputs.

A2.Q(0,0,...,0)=0

The axiom reflects a common sense assumption namely that in the absence of any
input can not get any output.

A3. The production function is continuous.

Continuity, in purely mathematical sense, represents that for any fixed point
(il,...,in) of the production domain D, and any string of inputs (Yi)e1, Yi=

(yfy'n‘) which converges to (X,,....X,) (or otherwise y* —»X, Vi=1n) the
production Q(y'fyﬁ) converges to Q(X,,...,X, ).

More simply, the continuity of the production function means that for two sets of
resources (Xi,...,X,) and (yi,...,yn)€D, close enough, result outputs Q(xy,...,X,) and
Q(Y1,...,yn) close enough. In other words, a very small change of inputs lead to a
reasonable production obtained.

An axiom, not necessarily required, but particularly useful for obtaining significant
results (using differential calculus) is:

A4. The production function is of class Cz(Dp) i.e. admits 2nd order continous
partial derivatives.

The condition of belonging to the class C* may seem, at first glance, restrictive, but
is not really. All basic functions (constant, power, exponential, logarithmic,
trigonometric functions as those obtained from them by arithmetic operations of
addition, subtraction, multiplication, division, power lifting, composing or reversal)
are of C” class (implicitly of class C?) on the definition domain i.e. have their
partial derivatives of any order and these are continues. As a function of class C,
k>0 is continuous implies that axiom A3, given that accept A4, is a simple
consequence of the latter, so it can be removed.

What is actually at least C' class differentiability? If for a continuous function
means, at an immediately approach (without much mathematical rigor) that its
graph is not ,.broken” on the definition domain, the derivativability of class Ct
means that it does not have ,,corners” or ,folds”, the graph being smooth. In
addition, for example in a corner point (for functions of one variable — different left
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and right derivatives) we can not make predictions, the behavior at left/right not
anticipates the behavior at right/left.

Ab. The production function is monotonically increasing in each variable.

A5 axiom states that in “ceteris paribus” hypotesis, vi=Ln if Xi>y; then>
QX,,. X, 11X, %, X, )2 QX X,V XX, ) VX, 20, k=L,n, k=i such that
(X, Xy X X X, )y (s X0, Y5 X, X, ) €D, If the function Q is at least CY(D,)

aQ

the character of monotonically increasing becomes vy >0, i=L,n. In terms of a
X,

“classic” production function with two variables: K — capital and L - labor, we
have: @20, @20.
oK oL

Also from the axiom A5 result, as an immediate consequence, that if X;>y1,...,X:=2Y
then: Q(X1,X2,..,Xn)2Q(Y1,X2,..-, Xn)2Q(Y1,Y2s---Xn)2...2Q(Y1,Y2,...,Yn). It iS obvious
that the relationship occurs only if the nature of the inequalities between
components is the same for all of them.

A condition often referred to in the definition of the production function is:&
A6. The production function is quasi-concave.

The quasi-concavity of a function means:

Q(Ax+(1-1)y)=min(Q(x),Q(y)) YA&[0,1] Yx,yeR,

Geometrically speaking, a quasi-concave function has property to be above the
lowest values recorded at the end of a certain segment. The property is equivalent
to the convexity of the set Q™'[a,0) VaeR, where Q™[a,c0)={x<R,| Q(x)>a}.

What does the quasi-concavity so? Convexity of the set Q[a,0) lies in that if
Q(x)=a, Q(y)=a then Q ((1-A)x+Ay)=a. This specifies, in conjunction with the
axiom Al, that the transition from one set of inputs X to y is at a production level
equal to or greater than a specified lower limit. Neither this condition would not
necessarily be required, existing situations (for example, the transition to a market
economy of the former communist states) the refurbishment (thus changing the
structure of inputs) was made with temporary dip in the level of production. But as
economic analysis, most often refers (unfortunately) to the processes that are
somewhat stabilized, we will retain this condition.

Considering so a production function Q:Dp—R.:, (X1,....Xn)>Q(X,....Xn) R
V(X4,...,Xn) € Dy let the bordered Hessian matrix:
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g R R xR

oX, ox, X,

NQ &9 _&Q 0°Q
] X, OXZ OXOX, | OX.0X,

0= 0 oo 0 Q
OX, OX,0%,  OX5 T 0X,0X,

% b gy 62_Q

X, OX,0%, X0, x>

and A} - the boarded principal diagonal determinants formed with the first (k+1)
rows and columns of the matrix H5(f). We have the following theorem:

Theorem If Q is a quasi-concave function then (—1)A% >0, k=1,n. If (—~1)A% >0
then Q is quasi-concave function.

Notes from the theorem that if at least one determinant is null we have not ensured
the existence of quasi-concavity.

For classical production functions Q=Q(K,L) the sufficient condition for quasi-

0 R X
62K 62L
concavity becomes: g—s % ;K(?L >0 therefore:
Q Q 2Q
oL oKL oL’

,0QQ Q. (GQJ ’Q [GQJ ’Q
oK oL okaL \oK ) o2 o) oK?

Recall, near the end of this introduction, that a function is called homogeneous if
AreR such that: Q(AXq,...,A%))=A'Q(Xy,....Xn) VAeR*. r is called the degree of
homogeneity of the function.

We say that a production function Q:D,—R. is with constant return to scale if
Q(AX1,..., AX0)=AQ(Xy,...,Xn) (S0 homogeneous of first degree), with increasing return
to scale if Q(AXy,...,AXy)>AQ(Xy,...,.X,) and with decreasing return to scale if
QAX1,..., AXn)<AQ(X4,...,Xn) VAE(L,00) V(Xy,....Xn)eDp. The fact that a return to
production is at constant scale means that the production has the same
multiplication factor with those of the two factors. Similarly, the return of
increasing (decreasing) scale production is multiplied by a factor higher (lower)
than that of inputs.

133



ACTA UNIVERSITATIS DANUBIUS Vol 12, no 1, 2016

We will note below for functions Q=Q(K,L): X=% .

In what follows we will analyze production functions of the form: Q=Q(K,L)

3 Main Indicators of a Production Function
Let a production function:
Q:Dy—>Ry, (X1,0.,Xn) 2Q(X1,.... Xn) €Ry V(X1,...,Xn) €Dy
_Q

We will call the marginal productivity relative to a production factor x;: n, = 3
1 XI

and represents the trend of variation of production at the variation of the factor x;.

In particular, for a production function of the form: Q=Q(K,L) we have nK:Z_E -

Q

called the marginal productivity of capital and ana—L - called the marginal

productivity of labor.

AQ

If the output is given by discrete values, we define: n, ™ meaning the mean
1 X

variation of the production on the interval of length AX; .

We call also the average productivity relative to a production factor x;; w, :2
1 XI

and represents the value of production at the consumption of a unit of factor x;.

In particular, for a production function of the form: Q=Q(K,L) we have: WKZ% -

_Q

called the productivity of capital, and w; = 1 the productivity of labor.
From [4], we have that in the general case of the variation of all inputs, for k; units
of input 1,...,k, units of input n, and Q(0,...,0)=0:
1 1
Q(Kky,....kn)= kljnXl (K,t,....k t)dt +...+ knfﬂxn (Kqt,....k, t)dt
0 0

1 1
In particular, for Q=Q(K,L) we have: Q(K,L)= K[ n, (Kt, Lt)dt + L [n, (Kt, Lt)dt .
0 0
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Again, from [7], considering the factors i and j with i=j, we define the restriction of
production area: Py={(Xy,...,Xn) | X=a=const, k=1,n, k#i,j, x;,x;e Dy} relative to the

two factors when the others have fixed values and D={ (X, X)) | (X,...,.xn)€Pj} - the
domain of production relative to factors i and j.

Defining Q;:Djj—R. - the restriction of the production function to the factors i and
j, ie. Qij(Xi,Xj):Q(al,...,ai_l,Xi,ai+1,...,aj_]_,Xj,aj+1,...,an) we obtain that Qij define a
surface in R® for every pair of factors (i ).

We call partial marginal rate of technical substitution of the factors i and j, relative
to Dj; (caeteris paribus), the opposite change in the amount of factor j to substitute a
variation of the quantity of factor i in the situation of conservation production level

: de_nxi‘Dﬁ —

and note: RMS(i,j,Q)-——-— in an arbitrary point ;=(X1,...,;n). We
dxi nxj Dj
define also ([7]) the global marginal rate of substitution between the i-th factor and
Ny, (X)

the others as: RMS(i,i)z . The global marginal rate of technical

/annij (x)
i

substitution is the minimum (in the meaning of norm) of changes in consumption
of factors so that the total production remain unchanged.

In particular, for a production function of the form: Q=Q(K,L) we have:

RMS(K,L)=K  RMS(L,K)= 1L

L Mk
€Q
. - L . . oX
It is called elasticity of production in relation to a production factor Xi: ¢, =?'=
X;
AT the relative variation of production at the relative variation of factor x;. In
Xj
Q
particular, for a production function of the form: Q=Q(K,L) we have gK:a—Kz
K
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Q
Tk called the elasticity of production in relation to the capital and SL:%:
W ~

L
Mo

- the elasticity factor of production in relation to the labor.
Wy

If the production function is homogenous of degree r, after Euler’s relation:

ZX 2—Q—rQ we obtain that Zs =Tr.

i=1 X|

4 Conditions of Marginal Productivity

4.1. ny =constant=a, N, #constant
1 1
In this case, we have: Q(KL)= Kan(Kt, Lt)dt+LjnL(Kt, Lt)dt =

oQ a9

Kloadt+L Kt, Lt)dt = aK+Lg(K,L). Because — =a we have that =0
Ioc Im( ) g(K,L). i K

that is g=g(L). Therefore: Q(K,L)=aK+f(L). Now ZQ =f*(L)#0=f=constant.

The conditions from the axioms become:
e Q(0,0)=0=f(0)=0

e f—continuous

e feC¥D,)
° @ =o>0
oK
° @ = f’(L)>0

-of(L)>0=1(L)<0

,QQ °Q (an Q (an °Q _
oK oL KoL oK ) a2 oL ) ok? ~

After these considerations we obtain that o>0 and f is a monotonically increasing,
strictly concave differentiable function of class at least two and vanishing in 0.
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If now Q is homogenous, we have: dreR: QMAK,AL)=A'Q(K,L) that is:
oA K+F(AL)=A"(aK+f(L)).

_ Nf(L)-f(AL)
all- A"
independent variables follows K=constant therefore contradiction. We have r=1
that is: f(AL)=Af(L), f being linear: f(L)=pL. We obtained: Q=aK+pL — the linear
production function. Let note in this case that Q is quasi-concave even though

£’(L)=0 for f(L)=PL.

For the linear production function, the determination of the parameters is very
simple (using Least Square Method).

If r£l=oAK+f(AL)=0A'K+L1f(L)= K .Because K and L are

n. The minimum condition of the expression: E= Z(aKi +BL;—Q,) (relative to o
i=1
and 3) becomes:

n
;ZE ZK2+BZKL ZKQ
i=1l
10E _ n

2
2 ZlKL +[321L ZLQ,—O

therefore:

n n n

YKQY L -YLQ YKL,

_id i=1 i=1 i=1

Ssi-(Sun |

i=1 i=1 i=1

n n n n

Z LiQiZKiZ —Z KiQiZ K.L;
poil i =

S-S

i=1 i=1

4.2. n_=constant=a, Ny #constant

Like previous, we obtain (permuting K with L): Q(K,L)=aL+f(K) with f satisfying
the same conditions like above. The determination of the parameters is as above.
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4.3. Nk =constant=a, M =constant=f

1 1 1 1
Q(K,L)=K[ny (Kt,Lt)dt + L[ n, (Kt, Lt)dt = K[ adt + L[ Bdt =aK+BL — the linear
0 0 0 0

production function. The determination of the parameters is as above.
KP
4.4. Nk —ocx o— 7

1 1 1 B 1
Q(K,L)=K [ ny (Kt, Lt)dt + L[n, (Kt, Lt)dt = Kj'oc%dt +L[n,(Kt,Lt)dt =
0 0 0 0

B+1
O‘K +g(K,L).
Q_ K' ap+K’ ag  KP g KP
But 6—K—aF:>T K ocF from where: a—Kz—aBF:
CoBrppa - B[ KM _ _ aKPt oo _
= KPdK = f(L) | therefore: Q(K,L)= —— ———f(L
9= I (B 1+() Q(K,L) B+ Lﬁ()
& KPP L h(L) where h(L)=-75 op SH(L).
B+1

The conditions from the axioms become:
e h—continuous
e heC*D,)

° @ =oKPLP>0 < o0
oK

e Q__ 9B prns1ip)s0
oL B+l

>0

,0QQ 9Q (6QJ Q [an Q
oK oL oKL (oK ) a2 \aL ) ok?
aK PP
B( B+1

After these considerations we obtain that o0 and h has the properties:

2
+ h'(L)) +aKPLPh (L) <0
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o h)s 2B ke s
B+1

[aKB“L-B-l

2
+h'(L) | +aKP*LPh"(L) <0
B+1

If now, we want that the function be homogenous, we have:

Q(xK,M_)szil KPP £ h(AL) =A'Q(K,L)= A" ﬁK‘ML’B +A'h(L) thatis:
+ +

r_ L B+1 —[3: _ar
( x)BHK L —h(L) = "h(L)

If r=1 we find that: KP*™ = ‘(}(M?—Jr}lb)ﬁ(h(%L) —Nh(L)) that is K depends from L —
a p—

contradiction.
We have therefore: r=1, that is: h(AL) =Ah(L), h being linear: h(L)=pL.

The production function becomes (after obvious notations):

Q(K,L)=ﬁKB+1L‘B +pL - Bruno production function with Be(-1,0) (after the
+

above conditions), p>0, a>0.

2
n
to n. The minimum conditions of the expression: E=Z(L1 KPP 4L, — QiJ
=1\ P+
(relative to a, B and p) are very difficult to be solve (and is not relevant because the

existence of this function requires the particular form of my ), therefore we shall

AQ Qp+l _Qp

determine first, the discrete values of =—= that is: = , p=
Nk AK Mk, p Kp+l_Kp p

- B
1L,n—-1 and after, from the initial condition, that nKzaK— we have that:

LP
2
K n-1 Kp
INny =Inoc+[3|nt. Let now E;=) ®+BInL——InnKyp where @ =In a.
p=1 p

The Least Square Method gives us:
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10E,
2 0D

( —1)CIJ+BZInL——n21InnKp

p p=1

2
n-1 K K
1%, cDZIn—p+BZ[InLJ ZIanInnKp 0
p

2 aB p=1 p p=l p=1 p
therefore:
2 -1 K. n1 K
i In—1 =>In—L>In—LInn,,
* Ly i Lppa Ly
¢ = n-1 K 2 -1 K 2
(n—1)2[lan —(YIn pJ
p=1 Lp p=1 Lp
n-1 n-1 n-1 K
(n-1>In—"LInne, - YInn,> I~
* p:l p le p*l p
B n-1 K 2 -1 K 2
n=1>{In—"2| - YIn—L
( )F’Z‘;( Lp] L’Z‘l ij
and o =e®

After these: Q(K, L)-B 1KB“LB +pL. The determination of pcan be
+

determined in the following way. Let note: Q; = Q; —ﬁK?x“Liﬁ*, i=1,n and
+

the condition that the expression:

EZ—Z(pL —, ) be minimum. We have therefore %ddi ZL (pL; —)=0
p

n
X 2L,
therefore: p == : where at least one L#0. Finally: Q(K,L)=
L
E .
B?—l KPP 1 p"L. Let note here that because p”=constant we must have that
+

Q. . — . N .
the values: L—' , iI=1,n must be approximately constant. To inquire this we can use
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the 3o-rule that is in the interval (M-3c,M+30)= M(1—3%,1+ 3%) lies over

89% values, where M is the average of these. Therefore, we shall compute for the

]
Q- - A . i=1 L - g
values L—' i=1,n the average: M=——- and the standard deviation o=
i
n Q 2 n Q 2
PO O i I I e §
E‘( L; ] (E‘ Li J

- . If the value % is sufficiently small we can assume that

p is almost a constant and the determination is as in the upper.
KP
45. M. :ocxﬁ=aF
: : LP :
Because the relation can pe written as: 1 :OLH we shall proceed as in 4.4.
and we shall obtain (permuting K with L and replacing B with -B): Q(K,L)=

% KPP 4 (K).
1-B

The conditions from the axioms become:
e h—continuous
e heC*D,)

. Q_ aKPLP>0 < a>0
oL

o R_ B oo, pkyso

oK 1-p
,QQ 0°Q (@j@(@j@ 0
oK oL KoL (oK ) a2 (aL ) oK?
_ . 2
—B[%*Slm'(m} T ol PKPh (K) <O

After these considerations we obtain that >0 and h has the properties:
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o hK)>-2B regea
1-B

1-p
If now, we want that the function be homogenous, we have, as previous: r=1, that
is: h(AL)=Ah(L), h being linear: h(L)=pL, the production function becoming
(after obvious notations):

al KA ’
—B ———+h'(K) | +al"PKPh"(K)<0

Q(K,L)=ﬁ L*PKP + pK - Bruno production type function with pe(0,1) (after

the above conditions), p>0, a>0.

to n. We shall determine first, the discrete values of m;% that is: n_ =
_ -B

M, p=1,n-1 and after, from the initial condition, that anaL— we

Loa—L, K

L n-1 L 2
have that: Inm_= Inoc—BInE. Let now E;=) (I)—BInK—p—In NiLp | Where
p=1 p

@ =In a.. The Least Square Method gives us (as upper):

Sinne, 8 | S bo§in e,
nn n—L | =>In-—">1In—"lInn
== (e N = S =
N 2 2
n-1 L n-1 |
(n—1)2(lnp} —(Zlnp}
p=1 Kp p=1 Kp
n-1 | n-1 n-1 |
(n=1>In—"lnn ,-YlInn >t
* p=1 K Y p=1 'pzl K
B - _ p p
2 2
n-1 L n-1 L
n-1)¥(In—-"| - ¥In-*>
o-s5fne) (e

and o =e? .
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After these: Q(K,L)=1aﬁ* L' K® +pK. The determination of pcan be

determined in the following way. Let note: Q; = Q; —1a _LYFKP =1 nand the

condition that the expression:
E==Y (pK; —;) be minimum. We have therefore %CLE—Z =>K,(pK, -Q;)=0
i1 (S
. ZKiQi
therefore: p = 'Zln where at least one Ki=0. Finally: Q(K,L)=
LS

i=l

*

1()‘7 P K" +p"K . The demarche relative to the constancy of p” is similarly to
4.4,
_aK* +bL’ _cK*+dL’

4.6. nK KV ’ nL I_Y

Q(K,L)= K}nK(Kt, Lt)dt + L}nL(Kt, Lt)dt =
0 0

1aK*t* + bLPtP LeK*t* +dLPtP
S T T
0

1 1 1 1
aK ™ [£477dt + bK*VLP [P 7dt + cK L [t 77dt + dLP 7 [ tP7dt =
0 0 0 0

1 1
K (K> + el Jf =t + LP (oK™ + dL- )t el

0 0
4.6.1. If o-y#-1, B-y=-1 then: Q(K,L)=
L kefak ol )s — 2 1ok +d).
a—7+1 B-y+1

The conditions from the axioms become:

o Qs oy DY) e
oK a—-y+1 B—y+1

143



ACTA UNIVERSITATIS DANUBIUS Vol 12, no 1, 2016

° @ = C(]‘—_Y) K*L™ + i K P 4 dLPr>0
oL oa-y+1 B-y+1

,QQ &°Q (aQJ Q [QJ ’Q,

oK oL oKL (oK oL ) oK?

a2
If now, we want that the function be homogenous (of degree r), we have:

QUKALY= 21— (a7 el o
o

L (bK ™ +dL* )=
-v+1 B-vy+1

AQK,L)=A" ﬁ K (ak™ "+l )+ B—;M L (bK ™ + dL™ ) that is:
(vt )—a —1v K (a7 + el )+ (vt )—B _i U (oK™ +dL )=

AN oyl PR +dl)
W Boy+1 KefaK T +clFT)

4.6.1.a. If now r=B-y+1 we have:

46.1.ai. If r=a-y+1 we obtain: LB(bKl‘V+dLl‘Y)=O that is L= constant —

d

contradiction or K= = 5 L™ - contradiction with the independence of K and L

(if b=0) or dL*"=0 (b=0) which is true only of d=0. But in this case, we have that:

a—y+1 oy -y
Nk =akK*™", N, =cK*L™ and Q(K,L)= ak oKL
a—-y+1

pK* 1 4 qL“‘”l(%j with obvious notations.

.....

AQ AQ

to n. We shall determine first, the discrete values of ny :R’ N, =— that is:

AL
Mep= 2= Qe m% 7T ang after, from the initial
Kp+1_Kp Lp+1_|-p
condition, that 1, =aK*™, 1, =cK*L"" we have that: Inn, = Ina+(oc—y)ln K

and Inm, =Inc+alnK—-yInL. Let now first E;=
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n-1
Z(CD +oainK, —yInL, —In nva)z where ®=In ¢ and The Least Square Method
p=1

gives us (as upper):
n-1 n-1 n-1
(n-1)@+aYInK, =y InL, =Y Inn,,
p=1 p=1 p=1
n-1 n-1 n-1 n-1
@) InK, +oc2(ln Kp)2 —y2.InK,InL, => Inm_,InK,
p=1 p=1 p=1 p=1

n-1 n-1 n-1 n-1
Oy InL,+a) InK InL, —yZ(In Lp)2 =>Inn ,InL,
p=1 p=1 p=1 p=1

from where we shall find: ¢" =e®, o, 7.

After these: Inmny = Ina+(a* —y*)ln K. For the determination of “a”, let note
here that because In a is constant we must have that the values:
N —(a* —y*)ln K;, i=1,n must be approximately constant. To inquire this we

can use the 3c-rule that is in the interval (M-30,M+3c)= M(1—3%,1+ 3%) lies
over 89% values, where M is the average of these. Therefore, we shall compute for

* * - . In I_ OL*— - In KI
the values Inmy; — "~y )InK;, i=Ln the average: M= —%: (0"~

n
and the standard deviation o=
2
n * * 2 n * *
\/nZ(InnKi —(oc -y )In Ki) —(ZlnnKi —(oc -y )In Ki)
i=1 i=1 c .
. If the value — is
n M

sufficiently small we can assume that In a is almost a constant and the
determination is as in the upper. Let note also a this value.
a' KT KT . .
Now we have Q(K,L)= ] with obvious notations.
o -y +

4.6.1.a.ii. If r£o-y+1 we have that
o gy 41 LP(bKY + L)
ST By + 1K (aK T el
that for constant K and L we shall have f=constant which is impossible.

- contradiction with the fact

0=f(n)
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4.6.1.b. Returning, now for r=p-y+1 we have:

(ot o) —L k(a4 el2)=o0.

a—-y+1

4.6.1.b.i. For a-y+1=r we shall obtain that the equality becomes true only if a=c=0
bK*7L? +dLP 7+
B—y+1

-p
pLPr+ +qKB‘V+1(%j . The deterination of the parameters can be done like in

(as upper) that is: mMe=bK'L", m =dL*7, Q(K,L)=

4.6.1.a.i replacing o with B, K with L, a with d and ¢ with b.

4.6.1.b.ii. If a-y+1=r we have an identity. In this case: a=p=r+y-1 and: Mg =
aK*™" +bK™L*, N =cK“L™" +dL*", Q(K,L)=
ak® " 4 dL* " 4 cKY LY + bLOKYY

a—y+1

this case is a little bit difficult because o and y lies also at power of K and L and at
the denominator of Q.

. The determination of the parameters in

If, in particular, oc:y=% we shall have: Q(K,L)=aK+ bvKVL +dL - Diewert
production function (homogenous of degree 1).

4.6.2. If a-y=-1 or B-y=-1 then the integral becomes -co which is a contradiction
which the nature of production.

4.7. N =aK“l?, n_ =bK"L®
1 1
In this case Q(K,L)=K[ny (Kt, Lt)dt + L[, (Kt, Lt)dt =
0 0
1 1
K[at*PK*LPdt + L[ bt"°K"L°dt
0 0

aK*?LP  pKYLH
+ .
a+pP+1 y+6+1

4.7.1. If a+B=-1 and y+6+-1 we have: Q(K,L)=

The conditions from the axioms become:

. R_ aK*L? >0 that is a>0

oK
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o 92 _ k1550 that is b>0
oL

QA 2°Q (aQJ Q (GQT@_
oK oL oKaL \ oK) o> (oL ) oK?
2h(2B — 8)KZ L2 _ap2aK 2 LP20 50 that is: a(2B — 8)K*LP —baK L
>0

If now, we want that the function be homogenous (of degree r), we have:

a+l . vy 8+1 a+ly B vy 6+1
KL e KL o aketLP o bKIL

= that is:
+B+1 y+3o+1 a+p+1 y+o+1

QUKL= P 20 = a

(e LS S (o ) oKL
a+p+1 y+0+1

7\1(1+B+l _ 7\{( 3 b(OL + B +1)Ky—0,—lL6—B+l

If ry+3+1 we obtain: =—
! AT aly+8+1)

If a+p+1#r and a+P=-y+5 the expression from left depends from A which is a
contradiction with the right.

If a+B+1=r we shall find that: b(a + B +1)K***L>F* =0 that is a++1=r=0 which
is a contradiction with the hypothesis.

If a+B=y+3=-1 we have: bK"**L°P" —_athat is a contradiction with the
variability of K and L.

We have therefore: r=y+6+1 and with the same arguments r=a+f+1. In this case

the production function is homogenous and has the expression: Q(K,L)=

aKOL+1LB + bK OL+[376 L§+1
a+pB+1

A=0 or B=0 we obtain the classical Cobb-Douglas production function.

. With new notations: Q(K,L)= AK"L" +BK"**=L*. For

The determination of the parameters follows obviously (like upper) from the
conditions: N, =aK*L?, n, =bK"L°.

4.7.2. If a+PB=-1 or y+3=-1 then the integral becomes -co which is a contradiction
which the nature of production.
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5 Conditions of Marginal Rate of Substitution

5.1. RMS(K,L)= %P
cy+d

where X=%1 Q being homogenous of degree 1.

Because Q(K,L)=Q(xL,L)=LQ(x1) we will note q(x)=Q(x.1) and we have:
Q(K L)=Lq(x).

Now: =222 L)% =q'(z) and . =52 =)+ La') - =al) 2 (1)

We have RMS(K,L)=1& = q'(X)l _ath
ne ql)-xa'G)  cx+d

In this case: [ax +(o+ch+ d]q = (ay + b)g(y) which it can be written as:

qlk)_  ax+b
qx) ax®+(b+cly+d

if ay? +(b+c)y+d=0.

ay+b
d
ay?+(b+c)y+d x

Integrating: Inq(y)= |

5.1.1. If (b+c)* —4ad <0 we have that:

2ay+b+c

Inq(x):%ln‘axz+(b+c)x+d‘+ P=C  aretg +C,CeR

J4ad - (b+c) \/4ad (b+cy

2ay+b+c

arctg
therefore: q(x C\/‘ax + b+c))g+d‘eJ4ad b+°)2 *osa-{orcF ' ceR".

Expressing in function of K and L, we find that:
bc 2aK+(b+c)L

9
QKL)=Cak? + (b + KL + dL eV beF - Llamloef o

In particular, for b=c we have: Q(K,L)= C\/‘aK2 +2bKL +dL?| , CeR’ with b*

ad<0 — the Allen production function.
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5.1.2. If (b+cf—4ad=0 we have that: Inq(X)zlnX+b+C|_ b-c
2a | 2ay+b+c

therefore:

b _ b
q(X)z CX‘*‘LCe 2ay+b+c , CE R: .

2a

b ~ (b—c)L

Finally: Q(K,L): q(x): C‘K " +C Lle 2aK+(b+c)L

5.1.3. (b+c)’ —4ad >0 we have that:

Inq(x)zéln‘axz+(b+c)x+d‘+bz_ac'[( L

dy =
%=X )% —12)

1In‘ax2 +(b+c)x+d‘+ b-c_ 1 In|X—X1| where y, and 7, are the real roots
2 22 1% X~ Tel

of ay? +(b+c)y+d=0.

b—c
We have now: q(x)= C\/‘axz +(b+cly+ d‘ Xy [0 ,CeR’. and finally:
X = %2
b—c
Q(K,L)= c\/\aK2 +(b+ )KL +dL? Koypbfn) o pe
K—-y,L

In particular, for b=c we have: Q(K,L)= C\/‘aK2 +2bKL +dL?| , CeR’ with b’

ad>0 — the Allen production function.
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