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An Analysis of a Duopoly with Incomplete Information
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Abstract. In this paper we analyze the case of two firms A and B, each competing with the other
under conditions of incomplete information. Thre analysed cases are: company A assume one of the
following roles: either ignore the firm B or leading production or leading price acting as if B knows
its intention and firm B acts either ignoring company A, or as satellite of production or satellite of
price acting as if A knows its intention.
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1. Introduction

The duopoly is a market situation where there are two suppliers of a good
unsubstituted and a sufficient number of consumers.

Considering below, two competitors A and B which produce the same normal
good, we propose analyzing their activity in response to the work of each other
company.

Each of them, when it set the production level and the selling price will cover the
production and price of the other company. If one of the two firms will set price or
quantity produced first, the other adjusting for it, it will be called price leader or
leader of production respectively, the second company called the satellite price, or
satellite production respectively.

The approach of the following considerations will be that company A will assume
a role: either ignore the firm B or leading production or leading price acting as if B
knows its intention and firm B acts either ignoring company A, or as satellite of
production or satellite of price acting as if A knows its intention.
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Let therefore two producers, the demand inverse function: p(Q)=a-bQ, a,b>0, total
costs of A and B being TCa(Q)=aQ+y, TCs(Q)=pQ+3, a,B,y,6>0 where Q is the
production. We have now: MCa=a and MCg=f - marginal costs of each firm.

2. The Case of Cournot Equilibrium

In this case, both companies A and B act independently of each other and at the
same time.

Considering the profits of both firms, we have:
2
MA(Qn) =[a—b(Q + Qe )IQn — (@Qp +7)=~DQ4 +(2-bQg —)Q4 —7

Iz (Qg) = [a_ b(QA +QB)]QB _(BQB +8):_ bQZB +(a_ bQA _B)QB -9

In order to maximize the profits, we must have:

al_IA(QA)z_Z _ _ =O
—aQA bQA +a—bQg —a

al_IB(QB)Z_ZbQ +a—bQ —B3=0
aQB B A B

from where (noting with C from Cournot):

(c)_a—ZOL-FB Q(c)_a+(l—ZB
A 3 P 3b

The price will be:

pO(Q7 + Q7 J=a-blQ? + Q=2 -+

and the profits:

o)

MP(Q)=-bQk” +a-bQ? -ploy? ~5=a a2V _;

2
4 -t - —=le=2eetF

We have now (noting D = Hf) (Q(AC ))_H(BC) (Qfsc)) - the difference between two
profits):
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DO = Hf) (Qfo(\:) )_ H(BC) (le) ): (Ot - B)(—;;l +o+ B) —y+d

3. The Case of Stackelberg Production Leader and Satellite in Terms of
Production

In this case, the company A assumes the role of production leader and company B
recognizes this.

Because the company A is a leader of production, it will produce Qa units of a
good. The company B will adjust production after A, in response to its leadership,
producing Q=f(Q,) units of good (f - the reaction function). Because the selling
price depends on the total quantity of products reached the market, we have
p=p(Qa*+Qg) — the price per unit of good.

On the other hand, the company A must establish a level of production depending
on the reaction of firm B, because it will determine through the production realized
the selling price of the product. Similarly, the company B will adjust its production
levels according to A, because at a higher or lower level, the price will change and
therefore profit of the company ([1]).

Let therefore, the profit of the production leader:

TTp(Qn) =[a— b(Qn + Qe )I0n — (@@ +7)=—DQ4 +(a—bQg —0)Qx —7
Since Qp=f(Qa) we have:

2
MaQa)=—bQ4 +(a- bf (Qa ) - )Qu 7
Consider also the profit of the satellite:
2
M4 (Qa) =[a - b(Qa + Q0 )IQs — (BQs +5)= Q5 +(a-bQ, —B)Qg ~5
The extreme condition for the profit of B is:

olg (Qs)

do, = 2Qs +a—bQs —p =0

therefore:

Qg =f(QA):%_Q_2A

Now the profit of A will become:
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bQ?2 -2
IIA(QA)=— Q2A+a ;+ﬁQA_

and the condition for maximizing:
al_IA—(QA) =— bQA + w =0
0Q A 2
therefore (noting with PL from production leader):
pL) _8-20+B (L) _f(oPL) |_a+2a—3B
A TR (QA ) 4b
and the price will be:
PL)( (0 4 ey )= a_ b( (U | Q(BPL)): a+ 2;1 +B
The profits of both firms A and B are:
PL) (~(PL PL)2 (PL) (PL) 2
0 (QF7 )= b2 + a0 - afo) -y = @=2eB)
respectively:

PL PL PL)2 PL PL
¢ )(Q(B ))=—bQ(B ) +(a ) B)Q( ) _ a+20éb ) 5

Because A assumes that it is leader of production, we must have: QSfL)>Q(BPL)
a—2o+p S a+2o—3p
2 4b

that is:

< a>6a—53.

We have now (noting D) = HSEL) (Qf: L))_H(BPL) (Qg,l')) - the difference between
two profits):

PL) [~ (PL PL) [~ (PL 2_ - 2 _7R?
D(PL):HfO\ )(Q,(A ))_H(B )(QE3 ))za 2(6a. SB)alJé;oc +40B 7B v+

4. The Case of Stackelberg Price Leader and Satellite in Terms of Price

In this case, the company A assumes the role of price leader and company B
recognizes this.
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It is obvious that, regardless of the satellite firm behavior, the final sale price will
be the same for the two companies, otherwise the demand being moving to the
company with the lowest price.

Let the price being p>0 — fixed in the final.
The profit functions of the two companies are therefore:
TA(QA) =PQa —(0Qa +7)=(P—)Qa —7
M5 (Qs) =pQs —(BQg +8)=(pP—B)Qs —5
From these formulas we have the necessary condition that p>a, p>p (otherwise
IT,(Q,)<00r 115 (Qg) <0).

Because both profit functions are of first degree in Q and p-a>0, p-B>0 they reach
the maximum at infinity.

In this case (with linear total cost of B) the production of B will be, for the
moment, indeterminate, let say Qg=0>0.

Meanwhile, the company leadership is aware that setting a selling price p will lead
a production Qg of the satellite firm, so in terms of a demand curve Q=Q(p) its

offer will be restricted to Qa(p)=Q-Qs=Q(p)-g= 2 ; P_ q= a —bbq —%p . Because

Qa(p)>0 we must have: q<a;bp. If qza;bp the production of A: Qa(p)<O0,

therefore A gives up at the price leader role.

Its profit function becomes:

HA(p)=(p—oc)QA(p)—v=(p—oc)(a_bq —lpj—F

b b
_£p2+a—bq+ocp_oc(a—bq)+by
b b b

The profit maximization condition of A is therefore:

I, (p) :_g +a—bq+a:
op b b

0

from where (noting with PP from production price):

(PP) :a—bq + o

P 2
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_pPP —
From this relation, because q<2 E we have p®P :ab$>
_nPP)
a—ba P +a op
b _p™ta . (PP) ) - .
> = that is: P* ' >a which satisfies the initial condition
on the price.
Finally:

ey _a—bg 1 ey _a-bg-—o ~FF)_
A b b » %

The profits of both firms A and B are:

Q- -l -

respectively:

e (Q(BPP) ): 117 (q)= (p(PP) B BbgPP) _§=
_9( B a+oc—2B)2 , (a+a—28F -8bo
2 ] 2b 8b

Because HEPP) is a second degree function in g we have now the following cases:

. (a+0c—2[5)2 <8bd implies that H(BPP) (q)<o v(qeR therefore the company B
will lose, therefore it not accept the role of price satellite

e (a+a—28f =805 implies that the maximum of the profit of B will be

) (q):o for g= (be— 2p

o (a+a—2Bf >8b5 implies that TIE") has two real roots s, greR. Because

q1q2=%>0 we have that q;,0,<0 or 0;,02>0. If g;,0,<0<a+a—2p <0, the

parabola having negative dominant coefficient, we find that for g>0: H(BPP) (q)
<0.
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If 91,0.>0<a+a—2B>0 the maximum of the second degree function is

— 2
reached for: g= % and is T (Q(BPP) )= (a+ @ Z)

(PP) ): (a—30+2p)

Also, in this case: H(:P)( A & —y and it must satisfy also:

(a—30+28) >16by

a—3(1,+2[?) Q(pp)_a+oc—ZB
’ B -

and the price:
4b 2b

The productions will be: QQ’P) _

(PP) _a+0(,+2B

Like a conclusion, for B in order to recognize a role of price leader to A and also A
to assume this role, they must satisfy the conditions:

o (a+a-2pf>8b5

P

e a+a—-2p>0

e a-3a+2B>0

o (a—3a+2p) >16by

We have now (noting D®P :Hﬁfp) (pr))—H(BPP) (Q(BPP)) - the difference between
two profits):

D) _ T1F) (Q(:P) ) e (Q(BPP) ): —a? —2(50— Gﬁ)fgb 7o’ +4aB+4B° 145

11
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5. The Case When A Ignores B, but B Considers A as Production
Leader

In this case from sections 2 and 3, we have (hoting with C,PL from Cournot and
production leader):

(CPL) _ a—2o+p (CPL) _a+2a—3B
Qn » 4b

The real price will be:

C,PL C,PL C,PL C,PL cPL)) 5a+20+5
PO + Q™ e a- Q™ + Q™) 22 2e
and the profits:
5(a — 20+ BY
H(C,PL) (C,PL) - b (C,PL)2 +la— b (C,PL) _ (C,PL) oy = _
A (QA ) Qa ( Qs abA Y —36b Y
respectively:
1—I(Bc,m_) (Qéc,m_) ): ~bQ g:,PL)z 4 (a _ bQ(AC,PL) B Bbg:m_) _§=
(a+2a—3p)5a+20—7p)
48b

-9

We have now (noting D" =70 (Qf’P"))—H(BC'PL’ (Q(BC'P")) - the difference

between two profits):

DCPY _ H(AC,PL)( (Ac,PL))_H(Bc,PL) (Q(BC,PL)):

5a* — 2(580.—53B Ja + 680> — 200 — 433*
144h

y+9d

6. The Case when A Ignores B, but B Considers A as Price Leader

In this case from sections 2 and 4 we have (noting with C,PP from Cournot and

production price):

a—2o0+p
3

(C,PP) _ a+2o— 3]3

Q,(AC’PP) = Qs b

The real price will be:

p(C,PP) (QEAE:,PP) + QEBC,PP) ): a— b(Q(AC,PP) 4 Q(BC,PP) ): a+ oc6+ 4B

12
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and the profits:

C.PP)(~(CPP))_ CPP)2 CPP CPP _
Q™ )= -bQi™” +a—bQE ™ ~a ™ —y =

(a—50+4B)a—20+p)
18b

respectively:

a+o—2p)
ch,PP) (Qgc,PP))z _ bQ(Bc,PP)z 4 (a _ ng:,PP) _ Bbgzpp) _§= ( + (]>-L2b B) =5

We have now (noting D" =H§E*PP)(Q5§'PP’)—H§'PP) (Q(BC'PP)) - the difference
between two profits):

DEP) = 1) (Q(AC,PP))_HEC,PP) (QEC,PP))z

—a? —2(100 ~118)a +17a® —14afp — 4p*
360 A

7. The Case when A is A Production Leader, but B Ignores A

In this case from section 2 and 3 we have (hoting with PL,C from production leader
and Cournot):

a—2o+ a+o—2
Q(APL,C) _ - p 1 QSBPL,C) _ o B
The real price will be:

p(PLO) (Q(APL,C) +QULO) )= a— b(Q(APL,C) L QFLO )= a+ 4; +B

and the profits:
a—2o0+BY
H(APL,C) (Q'(:’L,C) )= _ bQ(APL,C)z 4 (a _ bQ(BPL,C) _ OLb(APL,C) _y= ( B) _

12b
respectively:
HEPL,C) (QEPL,C) )= ~bQ (BPL,C)z 4 (a _ beAPL,C) _ BbgL,C) _§=

(a+4oc—5[3)(a+(x—2[3)_8
18b

13
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We have now (noting D~ = 1§~ (Qﬁf"'c))— o (Q(BPL'C)) - the difference

between two profits):

DCPLO = L0 (QfL,C) )_H(BPL,C) (Q(BPL,C)):

a? - 2(110.—10B)a + 4o’ +14ap —17p?
360 -

+0

8. The Case when A is a Production Leader, but B Considers A as Price
Leader

In this case from section 2, we have (noting with PL,PP from production leader and
production price):

(PLPP) _ 8~ 200+ QELPP) — at+ta-28

A 2b 7P 2b
The real price will be:
pPL#?) (Q(APL,PP) + Q(BPL,PP) )= a— b(Q(APL,PP) + QEPL,PP) )= o ;L B
and the profits:

H(APL,PP) (QEQITL,PP) )= _ bQ(APL,PP)z + (a _ bQ(BPL,PP) _ oLb(APL,PP) _y= B ; o .

respectively:

HEPL,PP) (Q(BPL,PP) ): _ ng’L,PP)z N (a _ bQ’(Af’L,PP) _ BbgPL,PP) _§=2 ; B 5

We have now (noting D®-PP = [IPLP)(QELA )1 (QE-)) - the
difference between two profits):

PL,PP PL,PP PL,PP PL,PP PLPP) | _
D) = AP (Q 7)) T Q- J=p —ox—y +

9. The Case when A is a Price Leader, but B Ignores A
In this case from section 2, we have (noting with PP,C from production price and
Cournot):

(PP,C) _ a—3a+2l3 (PP,C) _ a+(X,—2B
Qa w8 3b
14
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The real price will be:
pPO) (Q(APP,C) + QPO )= a_ b( (PPC) | QPP )= oa+ i(; +2p
and the profits:

H(APP,C) (Q(APP,C) ): _ bQ(APP,C)z 4 (a ~bQ gJP,C) _ OLb(APP,C) _y=
(5a—70.+2B)a—3a+2p)

48b
respectively:
2
g Qg )=~ bQE™ + o -bQf™ ) - plog 5= LA

We have now (noting D" =11¢¢) (Qﬁfp’c’ )—H(BPP'C) (Q(BPP*C)) - the difference

between two profits):

DPPC) _ H(APP,C)( )(QI\DP,C))_HEPP,C) (QEBPP,C))z

—5a” +2(— 530+ 583 )a + 430 + 2008 — 683
144b

Y+0

10. The Case When A is A Price Leader, but B Considers A as
Production Leader

In this case from section 2, we have (noting with PP,PL from production price and
production leader):

(PPpL) _ 8~ 3o+ 2B Q(PP,PL) _a+ 20.-3p
A 4 7P 4b

The real price will be:

2a+a+
p(FPPL) (Q(APP,PL) +QUPPL) )= a— b(QfaI:’P,PL) + QPP )= y p
and the profits:
IePPy (Q(APP,PL) )= _pQ@PPeLZ (a _pQUPPY 0Lb(APP,PL) _y=
(2a —30.+B)a—30.+2p)
16b

respectively:
15
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difference between two profits):

DPPPL) _ H(APP,PL) (QfAPP,PL))_ H(BPP,PL) (Q(BPP,PL)): 7(

e (Q(BPP,PL) ): —bQEPPLZ 4 (a —bQIPPPL B)Q(BPPP'-) —§=
(2a+ o —3B)a + 20— 3B)
16b

We have now (noting D(PP'PL)=H(APP'PL)(QX’P’PL))—H(BPP'PL)

oa—B)—2a+a+p)

11. Theory of Games in the Case of Duopoly

16b

(QEPP,PL))

the

Of the above, we have nine cases representing the situation in which are the two
companies. The question is the decision of each of them not knowing the
competitor’s decision, in order to obtain a great difference of the profits.

Let therefore, the following zero sum game:

U
~
S—

LPP) )

(PP))

Table 1
A/B Cournot produc_tlon price satellite min
satellite
V=
Cournot DO D(CPL) D(CA) min(D(C’ DCPL p(EA
ducti Vo
productio (PL.C) (PL) (PL.PP) . (R(PLC) R(PL) R(PL
n leader D D D mln(D ,D" D
. V3=
prlce (PP,C) (PP,PL) (pp) H (PP,C) (PP,PL)
leader D D D mln(D ,D .0
W= Wo= W3=
DO D(CPL) D(CPP)
max max D®-©) || max D(PL)’ max| DCLPP). W=min {wy,W,,ws}
/max {v1.v,,V3}=V
D(PP,C) D(PP,PL) D(PP)

Applying the Wald criterion we obtain the best choice of A corresponding to the
value V and the best choice of B corresponding to the value W.

16
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Example

Let two producers, the demand inverse function: p(Q)=100-Q, total costs of A and
B being TCa(Q)=aQ+y, TCs(Q)=pQ+y, a,B,y>0 where Q is the production.

We have the following game:

Table 2
A/B Cournot production satellite price satellite min
Cournot (—10fa-190) | a(0-290)+4825 | 7 o — 6504100 v
3 4 16
oroductio | CL70=2850+37925 | 0 014011600 | ofor—515)+ 7075
n leader 36 36 9 Ve
price 10- 43 , 650 3700 7(0 ~10)e ~190 '
leader o 1w g Yty 16 3
max Wy W Ws WI/V

Using the computer for simulating in the cases: =10, a[0,20] with step 1 we
obtain:

e oa=0-A-Cournot —V=322.2, B — price satellite — W=322.2

e o=1-A-_Cournot-V=263.3, B — price satellite — W=263.3

e a=2-A-_Cournot—V=205.2, B — price satellite — W=205.2

e o=3-A-_Cournot—V=148.1, B — price satellite — W=148.1

e o=4-A-Cournot—V=92, B — price satellite - W=92

e a=5-A-Cournot —V=36.81, B — price satellite — W=36.81

e 0=6 - A— production leader — V=4, B — price satellite — W=4

e =7 - A-production leader — V=3, B — price satellite — W=3

e =8 - A —production leader — V=2, B — price satellite — W=2

e =9 - A —production leader — V=1, B — price satellite — W=1

e =10 - A — production leader — V=0, B — price satellite — W=0
e o=11- A—production leader — V=-1, B — price satellite — W=-1
e =12 - A—production leader — V=-2, B — price satellite — W=-2
e =13 - A—production leader — VV=-3, B — price satellite — W=-3

17
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a=14 - A — production leader — VV=-4, B — price satellite — W=-4
a=15 - A — production leader — V=-47.22, B — Cournot — W=-47.22
a=16 - A — production leader — V=-101, B — Cournot — W=-101
a=17 - A — production leader — V=-154.6, B — Cournot — W=-154.6
a=18 - A — production leader — V=-207.9, B — Cournot — W=-207.9
a=19 - A — production leader — V=-261, B — Cournot — W=-261
a=20 - A — production leader — V=-313.9, B — Cournot — W=-313.9

We can see that for a marginal price of A it will have an advantage in front of B,
but in order to have a maximal difference it must ignore for a<5 what B will do
and for o>6 it will adopt a position of production leader. For o>10, because its
marginal cost is greater than that of B it will lose but in order to minimize the

difference between it and B it must adopt also the position of production leader.
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