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Abstract: In this paper we shall give a generalization oblE®ouglas, CES, Lu-Fletcher, Liu-
Hildebrand, VES, Kadiyala production functions. Wempute the principal indicators like the
marginal products, the marginal rate of substitytithe elasticities of factors and the elasticity o
substitution. Finally we formulate two theorems cifiaracterization for the functions with a

proportional marginal rate of substitution and fleose with constant elasticity+ of substitutionr(fo
n=1).
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1. Introduction

In the economical analysis, the production fundid/ad a long and interesting
history.

A production function is defined like R;xR.-R., P=P(K,L) where P is the
production, K - the capital and L — the labor stled:

(1) P(0,0)=0;
(2) P is differentiable of order 2 in any interior poai the production set;
(3) P is a homogenous function of degree 1, that iK,R)=rP(K,L) OrOR;

@) P 0, P 50,
K ™oL
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For any production function, we have a lot of iradars like:

(6) nK:g—E - the marginal product of K;

(7) nL:% - the marginal product of L;

(8) RMS:% - the marginal rate of substitution;

oK
oP
(9) EK:a?K - the elasticity of K;

K
opP
(20) EL:% - the elasticity of L;

L
9P oP
(12) ozal-a—‘zg - the elasticity of substitution.
JKdL

In [0] Charles Cobb and Paul Douglas formulate wnl-known production
function: P(K,L)=aKPL*® where [iJ[0,1] which have many applications in various
economical problems.

In [0] the authors generalize the preceding, obthithe CES production function:

1
P(K,L)=a (BKp +(1-PB) L‘)F , which forp=0 becomes Cobb-Douglas function.
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The Lu-Fletcher production function generalizedoalhe CES function into the

-caB)  \p
form: P(K,L)=x [EKB + (1—6)r](r) LB} , which for ¢=0,n=1 becomes CES

function.

In [0] T.C. Liu and G.H. Hildebrand made a new gafigation of CES function:

1

P(K,L)=a (- §K" +8K™LE™n for m=0.

N.S. Revankar introduced the VES function: P(KapE[L+(p-1)K]** which
for u=1, p=1 is also a generalization of Cobb-Douglas pradadunction.

In [0], K.R. Kadiyala made an important generali@atwith:

P(K,L)=E(D)(c,K*™* + 20,KEL" +¢,,l5% )" where gr2c+co=1, G20,
B(B1+B2)>0, B2(B1+B2)>0.

For g,=0, p=1 Kadiyala obtain the CES functionye0 generates directly the Lu-
Fletcher function, for G=0, ¢,=0, p=1 — the Cobb-Douglas function and, finally,

for Bl:6i'1. B.=1, 6,=0 — the VES function.
il

In what follows, we shall make a new generalizatipom another point of view,
of these functions.

2. The sum production function

Let the production function:
(12) P(K,L)=> a, [c,K P72 + 6 K L2 +c, Lo P | el
=
where:
(13) ;>0 Hi=1n
(14) pa0(-00,0)0[1,), Pap>0, Ps(Pa+pPe)=1 Di=Ln;
(15) 3 (c,, + €,¢,,)>0, G20 Di=1n Oj=13.
=l
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From (14) follows that if g<0 then p, p.<0. If ps=1 then p, p>0 and

pil+ﬂzziSl therefore: 1-p=p;,>0, 1-p2p;1>0.

i3
We have then the following cases:
(16) @) p1, P2, Ps(-0,0) and p(pu+p2)=1;
b) p1, P20(0,1), s0[1,) and R(pu+p2)=1.

From (15) we have thﬁﬂ:ﬁ such that g+c;c:>0 therefore, if for such an i, we

have ¢=0 follows that g, Gz>0 and if ¢>0 follows that g, ¢z are arbitrary (of
course non-negative).

If we note:
K
17) —=
( )L X
follows:

(18) P:LG:ui (Cilxplﬁp‘2 +CpX™ Gy )"
i=1

Because=0 and for any ié,_n we have thatt;>0 and at least one of cc, or Gz is

greater than 0 we obtaire@. Also from (12): P(0,0)=0 and P is differentialolie
order 2 in any interior point of the production.set

We have now:
P(rK,rL)=rL Zai(cilx"“*"'z +c,x" +¢, ] =r'P(K,L) therefore P is homogenous of
i=1

first degree.

Le note now:
(19) Ai(X): CiX PutPe 4 CizXP'1 +Ci >0, i=1n

From (18) and (19) we have that:
(20)P=LY A, (%) =LD(X)
i=1

where:
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(21) D)= oA, (0"
From (19) we obtain easily:
(22) A, (0=X""[e Py *+ PIX™ + P, i= 1

(23) Ai" (X):Xp‘l_zlcil(pil + PPy * P —Dx" + G.Py (P, _1)J | i:E

From (17) we obtain after partial derivation:

From (20) we have:

oP oP
25) — =0()-XxP' (X)), —='
(25) m X)-x®" () K x)

therefore:

P _P
(2 )I_E Xf

who can be derived also, from Euler’s formula fomogenous functions.
By derivation with L and after with K in (26) we tatin:
oP

¥p_o- " x e OB _ 0P
oL? L? L oK " dLoK dLoK

P _1 0P 1 9P 0P __ 0P

oK L oK L ok Yokz *akz

therefore:
0°P 0°P
27
@5z oL’ XaLaK
(28 ) 0°P _ 1 0°P
0K?  x 0LOK
(29 )a_P_ 262P
az " k2
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2 2
thereforea—f and — oP have the same sign.
oL oK?

We have now, from (20):

oP_Q 4o
(30)HK:R:;%A;(X)D‘S X l(cu)(p'2 + C,P4P:)

(31) nL—— —ila AGOP (AL (X) = XPA, (X))
Because:

A(X) = XPA (X) =(Cx P2 +cX ™ + 5 )-XPis( (P + PR)X ™ 2 + c X ™ )=
CizPi2Pis X™* +Cis

we obtain from (31):

(32)nL———iaA (X)™ ™ (GPLPX™ +Ci3)

From (13)-(16) we can see easily tk(%? >0.

We have now the following lemma which will be udefuall what follows:

Lemma Let qDR*, i:l_m, m=1, g#q Di,j:L_m, i#j. Therefore the functiong® ,

i=1m and the constant function 1 are linear independkat is from the equality:

iBin‘ +Bm+1=0 follows3;=0, i=1,m+1.
i=1

Proof. Differentiating the equalit)ZBixq' +Bm+1=0 m-times, we obtain:
i=1

Zm“g[ ]qk—om,m

Where[kJ q( - ])qu' k+D) , k=1m.

Let compute now the determinant of the system. @eh
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(ql Xoa—l (q2 qu—l (qm qu—l

1 1 1
ql -2 q2 -2 qm On—2
S (S (Sl

G
X

ql q-m q2 G-m
e (5

an
m
d, q. U
1 1 1
i _ mm a, a, an . _ mom
XL ETY 2 2 o 2 |=x¥".x*"x 2 D.
d, q. U
m m)  |m

The degree of the determinant like function gfcg,..., ¢y is:
142+ +m="(M+1)

If gi=q;, i#Zj we have that columns i and j are equals then Bdsb, if g=0 for an

i=1m follows that D=0. From this follows that: Dﬁ o} rl(q‘ -q,) witha a
i= 1, j=
i#]

constant (because the degree of the right side- i, 1) :m. For m=2

we have that D=a,(0>-q,) thereforen=1.

We have that now the determinant of the system is:
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(mYm m m
XETLXETTX 2 |'l|qi (9 —q,)#0
i= 1,j=

i#j

From the system we obtain tHatO0, i=1m and from the initial equality follows
thath+l:O. Q.E.D.

Returning at the production functions we have f(88) that ifg—E:O follows that:

c,X"* + ¢,p,p,,=0 Hi=1,n therefore from the lemma:

Ci1=C»=0 Di:ﬁ which is a contradiction with (15). We have firyalhatg—i>0.

From (32) we have thagg =0. If % =0 we have:c,p,p.x" + ¢, =0 therefore:
Ci»=Ci3=0 Di:ﬁ which is a contradiction with (15). We have firyalhat% >0.

Let compute now the second derivatives.

9°P
oK?

(33)L =Z;aipi3<pi3—1)Ai(x)"‘3'2Ai'2(x)+gaipi3Ai(x)%*Ai"(x)=

- DA, 00 X[ & PuPLPEX™ + Gy Go PP L= Py )+ GuCa (L= Py — P)X®* +
i=1

G G PP (1— piz)Xp'2+p‘l]

2 2
From (13)-(16) follows that I(,% <0. If :KF: =0 we have that:

c122 p|1pi2pi23Xp'1 * GG PP @- pil) * GG @- Pi— piz)Xp'2 * GG PP @a- piz)xm+p.1 =
0

and from the lemma we havei=®, ¢,¢3=0 which is a contradiction with (15). We

2 2
have thereforeél—z <0. From (29) we obtain thagtL—f <0 and from (28) that

9°P
oLoK

>0.

The marginal rate of substitution is:
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oP P oP n i

L Y3k P zaiAi(X)pm 1((ﬂ\zpizpis,xp'1 +Ci3)
B4RMs=OL =L oK __ " - =

aP aP ap N Ps=1y,pPa-1 Pi2 '

K K LaT( ;aiAi(X) X" (CaX ™ + C,PaP;s)

The elasticities of L and K are:

oP oP n )
aL FYa ZC‘iAi(X)p'3 ' (C'2pi2pigxp‘l +Ci3)
(35) ELz% :1_X aK — =l .

L XE gaiAi(x)”“
(36) Ex=1-E,
The elasticity of substitution:
9P oP
(37)0= LK =
oKL

Yo a A )P A () TXTT (6P + Cu)(CX T + CuPuPs)

i,=1

X2 00GA (X7 A (X) "'fzxp“'z[qip,-o(”“ PP+ GoCoPuPs@—Py) + CuCe =Py —PR)X™ +

i,j=1

Pi2+Pj

pjzpj3 (1_ pjz)]
For n=1 we have:

+ leCjZX

(38) P(K,L)=a(c,K "% +c,K»L% +c L
where the conditions (13)-(15) becomes:
(39) a>0;

(40) psU(-0,0)0[1,%0), p1p2>0, ps(P1+p2)=1;

(41) ctcic>0, G, 6, =0

From (30), (32)-(37) we obtain:

oP .
(42) nk= K =aAX)* X" X + c,pp,)
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oP )
(43)n.= o =aA(X)™ 7 (C,p,pX" +C,)

&P .
(44) L =-0A0)" X" |Gt + GoRRA-R)+ GG AP P +CSX™ PRLP)
(45) RMS= aA)"(CPPx™ +C) _  cppx™ +c,

aAX)™ X" ex™ + epp;)  XPT(Cx™ + c,pps)

(46) E,=FAMP CRPX" +C;) - GRPX" +C;
GA(X)ps Clxp1+Pz +CZXP1 +03

(47) E= X" (OX™ + CPps)
Clxp1+Pz + CZXP1 + C3

(48) o= (Czpzpsxp1 + Cs)(clxpz + C2p1p3) .
CPX"P.P; + GCRP (- p,) + 6C AP, —P,)X™ + CCX™ P p,p,L-P,)

3. Particular cases
3.1. The Cobb-Douglas production function
For n=1, =1+, p=y, y(0,1), =0, =1, =0 we have: P(K,L)aK™'L",

3.2. The CES production function

For n=1, @:'g, pz:—%, ¢=9, =0, g=1-0, 8LJ(0,1) we have:

P(K,L)=a (5K " + (1—5)L‘V)‘3 .
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3.3. The Lu-Fletcher production function

For n=1, p=-y(1-B), p=y(1B)+B, .=, c,=1-0, ¢;=0, 6[1(0,1) we obtain:
1

P(K,L)=at (5K + (- K YePLYeBe)s

3.4. The Liu-Hildebrand production function

For n=1, p=9n, p.=(1-9)n, =1, =B, &=0,50(0,1) we have:
1

P(K,L)=a (1-B)K" +BK L

3.5. The VES production function

For n=1, @:6—1u-1, =1, a=p-1, =1, ¢=0, du(0,1), =1 we have: P(K,L)=

o\
a ((u —HKH + K LJ =a K" *((u-1)K +L)* a particular case of VES

production function.

3.6. The Kadiyala production function

For g+c+ce=1 and ¢#0 or ¢=0, but g, >0 we obtain a particular case of
Kadiyala production function.

4. Theorems

Theorem 1 The only case when RMS% where Kk is a positive constant is the
Cobb-Douglas function Witl;p:i .

k+1
Proof. From (34) we have that:

> oA, (X)" ™ (G,PaPax™ + €)= KD A A ()P X ©X7 + GuPuPia)
i=1 i=1
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therefore:
(49) za.A.(x)“fl[ XU+ G,P, (P, — kpLX® +C,]=0

Let note Ii=1n | py, pz, pe<0} and J£j=1n | P, P2, P>0}
Because (49) holds for evexywe have with (16):
(50) fim > A (0™ ex™™ + GPa (P~ kpIX™ +c,]=
i=1
lim 3 oA, (0" ex™ ™ + 6P (P, ~ kp)X™ + .+
il

I|m ZG,A,(X)p” l PP 4 P (P —kpR)X™ + C,sJ:

Dach+Y aco.

o =
(51) lim iZ:,aiAi 00" e + 6,p, (0, ~kPLIX™ +C.]=
lim Za A0 [eX ™™ + 6o (py — kP )X™ + ¢+
lim Zcx A (X)" [ PP 4 0P (P — kP R)X ™ +C,3J:

Dlacho+ Y ach .

idl i0J

From (50), (51) we have that; ®c;=0 0i0l and ¢=¢3=0 [j0J therefore g=c5=0

Oi=1n.

From (49) we have now:

(52) ;nlaiAi 0™ X" G,Pa (P, —Kp,,) =0 where A(X)=c, X"
that is:

(53) ZG.C.“; X" P (P, ~kp;,) =0.

From the lemma we have:
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(54) pa-kp=0 Di=1n

1 1

=

and with the notation; we have that:i=kp, p=p, p:= , .
Fp FKP, =P, Ps (k+Dp Tl

The production function becomes:

k 1

n 1
(55) P(K.L)=3 a1, (¢, ,K *L? oevs = q %D
i=1

after obvious notation€).E.D.
Theorem 2 The only cases when for n=Gzk where k is a positive constant are

the Cobb-Douglas function and CES function vvlthlLk

Proof. From (37) we have that:
(€PpX" +¢,)(CX™ + C,pp;) =

KHSpX™ D, + 6GRp, (L= Py + GG (L= P, — P)X™ + CCX™ ™ Bp - p,)]
that is:

(Ke,G ., (L= P,) = GCPPa X" + (Ke2pp,p2 = Epp 2 K™ +
(ke.c,@-p, - p,) - cC)X™ +ke,epp,-p,) - c,epp, =0

From lemma, we obtain that:
(56) ccp.py(k(L-p,)~1)=0
(57) ¢pp,ps(k-1)=0

(58) c;(k@-p, = p,) ~1)=0
(59) cepp,(k-p,) ~1)=0

If c,#20 follows from (57) that k=1 and from (56) we hahat g=0 and ¢=0. The
function is: P(K,L):u(czK”1L"2 )‘“ =B K°L*® with obvious notations.

12z
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P

If c,=0, from (58) we have that: k(1-p,)-1=0 that is k= . and the function

3

1
is: P(K,L):G(Cle +03Lp)5 and k%- Q.E.D.
-p
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