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A method of maximization the total utility for n goods

Let a consumer which has a budget of acquisitiangmiods, 22, in value of &N

u.m. The prices of the r goods k1r are pON, i=1r. The marginal utilities
corresponding to an arbitrary number of dosesratkd following table:

No. of dose| W Urnr
1 Uh1 e Uy r
| Uiz Uir
n U1 Unr
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We want in what follows to determine the numbedages afor the good % i:l_r

such that the total utility: Ja'zr: 2 u; to be maximal.

=1 i=1

Let therefore &S and the equation:
(1) 2 ap, =S.
i=1

Let denote with d=(p...,p) the greatest common divisor of ﬁ' . We well know

the fact that in order the equation has entiretsnia we have necessarilyIg;.
Also, we shall consider:

S>S-min{py,...,p} because if £S-min{p,,...,p} with a supplementary unit of o
good i, where 4i<r, the total utility will grow.

Dividing (1) at d, we have:

ya b=
@ 2a-5 =,

and with the notationg, :% follows:

®3) > aq, =%-
i=1

where the greatest common divisor Qfﬁ is (q,...,q)=1.

It is well known that for any relative prime numbe,BON it existsa andpOZ
(determined eventually with the Euclid algorithraglk that:oA+BB=1.

Let therefore g=q; and ¢=(d.1,q), izz. Because (g...,)=1 it follows obviously
that g=1.

We have now;,3;00N, i:z, such that:
(4) 0idi1+Bigi=d, i=2,r

In what follows we shall denotey=D, 0,=1, fo=1, a;=1, ;=1 such that:
a10o+B101=0k.
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Writing in detail the relation (4), we obtain:
(5) 0udotBach=0th
0o +Bo0p=;
O30 +Bs0s=h

0 +B:0=d
Substituting the first of (5) in the second:
(6) 020110o+012B101+B20p=0;
after, the second in the third:
(7) 0300100 +0302B3101 +013B20p+HB30=0s

we shall obtain, by induction:

(8) ri thBiqi +3:0=d..

i=1 j=i+l

We have therefore:

©) zoq =1

with the obvious notationg;=[3; |'| a,,i=1r-1 ando,=B,.

j=i+l

From (3), (9) we have now:

(10 Yaq=32Yoq

or, in other words:

1) Fa@-20)=0

For a fixed k<,r we can write (12):
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(12) a@-20)+Ta@-10)=0

izk

Let nowd=(g,.....§,.-...q,) Where the sigiil means that the term is missing.

Becaused,qc)=1 follows:

(13) 80a, - %ck
therefore:

(14) q~%qi®hbﬁ
From (11), (14) we have that:

(15) >.¢3q =0
We can write (14) also like:

(16) @:%qthmﬂ
Because &0, k:l_r, we obtain that:

(17) S10+{dd20, k=1r

From (1) we can see easly that:

k

(18) ac= min(i,nj, k:l_r

From (16), (17) and (18) we find that:

7. »-3%
T 5d —
19 X , k=
U i 86-p0) nd-s0,) Y
K pdd ' 5d

We have therefore:
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_Slok ; S(d_pko-k) nd—Spk _1y
(20) ZKD[ 5.d ,mln( 0.5.d , 5.d J:ImN,k 1r

The length of the range is less than or equal Wﬁh— therefore there exist at
k~k

most{ Sé }+1 integer values df (where [z] denotes the integer part of z) that
PyO«

verifies the acceptability conditions.

Example

No.of dose| Wx | Umy | Um:
1 10 20 15
2 8 16 12
3 7 15 10
4 6 14 7
5 5 13 5
6 4 10 3
7 3 8 2
8 2 7 1

p=4, =6, p=10, S=50.

Solution

We have d=(4,6,10)=2 thereforg>50-min(4,6,10)=46. Becausé $ we shall
have $1{48,5G¢.

Dividing by 2 the reduced prices become=2) =3, =5.
Let now: d=2, db=(ch,p)=(2,3)=1, d=(ck,05)=(1,5)=1.

We haven;=1,3;=1 and from (4) the equationaz+3p3,=1 implies:a,=-1 and
B.=1. Also, the equatiors+5p3;=1 implies:as=-4 andBs=1.
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3 3
Let now:0;=(3; |‘! a; =B1az05=4, 0= l‘! a,; =B.as=-4, 05=Ps=1
= =

and:8,=(0p,%6)=(3,5)=1,8,=(0h,%)=(2,5)=1,8:=(h,%L)=(2,3)=1.
The relation (15) becomes{;23(,+5(3=0.

From (20):
0| - oS 'mm[si(z_ PO 8- S0, H nN therefore:
|2 2, 2

G0 _— 23,min(—£§,8— QSlﬂ nN
(0 _ a,min[l—63§3+ 2Slﬂ NN

(0 :—%,min(—gsiﬁ—%ﬂ nN

and also from (16):

8= 301800 B2 p547,

d 2
= S0, -:jz D _ = 4812+ 2¢, =-25+(.

a3: S].0-3 +Z363d :S+ZZ3 :S

= 4.,
d 2 p TG

Finally we have the following cases:

S,=48= {,00[-96,-88]nN
2,0[96,104n N
Z;0[-24,-20)nN

S,=50= ¢;00[-100,-92nN
,0[100,108h N
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(3[-25,-20]nN
with 2¢;+3(,+5(3=0
For S=48 and certainly:&96+(,, =-96+(,, &=24+(3 we have:
(1=-96,0,=99,(5=-21= a=0, =3, =3, U=20+16+15+15+12+10=88
(1=-96,(,=104,(3=-24= =0, 3=8, =0, U=20+16+15+14+13+10+8+7=103
(1=-95,(,=100,(3=-22 = a=1, 3=4, =2, U=10+20+16+15+14+15+12=102
(1=-94,0,=96,(;=-20= a=2, 3=0, a=4, U=10+8+15+12+10+7=62
(1=-94,(,=101,(3=-23= &=2, 3=5, a=1, U=10+8+20+16+15+14+13+15=111
(1=-93,0(,=97,(5=-21= a=3, =1, &=3, U=10+8+7+20+15+12+10=82

Z1:_931Z2:1021Z3:_24:> 84.:3! &:61 %:Oi
U=10+8+7+20+16+15+14+13+10=113

(1=-92,(,=98,(5=-22= a=4, =2, =2, U=10+8+7+6+20+16+15+12=94
(1=-91,(,=99,(3=-23= &=5, 3=3, =1, U=10+8+7+6+5+20+16+15+15=102

(1=-90,(,=100,(5=-24 = a=6, 3=4, a=0,
U=10+8+7+6+5+4+20+16+15+14=105

(1=-89,(,=96,(3=-22= a=7, 3=0, =2, U=10+8+7+6+5+4+3+15+12=70
(1=-88,(,=97,(5=-23= a=8, 3=1, a=1, U=10+8+7+6+5+4+3+2+20+15=80
For S=50 and: &=100+(4, =-100+(,, a=25+(3 we have:
(,=-100,(,=100,(3=-20= &=0, =0, =5, U=15+12+10+7+5=49
(1=-100,(,=105,(5=-23 = a=0, 3=5, a=2, U=20+16+15+14+13+15+12=105
(1=-99,(,=101,(3=-21= =1, 3=1, a=4, U=10+20+15+12+10+7=74
(1=-99,(,=106,(3=-24= =1, 3=6, a=1, U=10+20+16+15+14+13+10+15=113
(,=-98,(,=102,(3=-22= &=2, 3=2, &=3, U=10+8+20+16+15+12+10=91
(,=-98,(,=107,(3=-25= a=2, 3=7, =0, U=10+20+16+15+14+13+10+8=106
(1=-97,0,=103,(3=-23= &=3, 3=3, =2, U=10+8+7+20+16+15+15+12=103

(1=-96,(,=104,(35=-24 = a=4, 3=4, a=1, U=10+8+7+6+20+16+15+14+15=111
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(1=-95,(,=100,(3=-22= &=5, =0, =3, U=10+8+7+6+5+15+12+10=73

Z1:_95!Z2:1051Z3:_25:> 34.:5! &:51 %:Oi
U=10+8+7+6+5+20+16+15+14+13%4

(1=-94,(,=101,(3=-23= &=6, =1, =2, U=10+8+7+6+5+4+20+15+12=87
(1=-93,(,=102,{3=-24= a=7, =2, =1, U=10+8+7+6+5+4+3+20+16+15=94

Z1:-921Z2:103!Z3:-25:> &.:81 &:3: &:O:
U=10+8+7+6+5+4+3+2+20+16+15=96

Finally, the maximal utility will be 114 for 5 goods x and 5 goods y.

115



