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An Analysis of the Substitution Effect and of Revene Effect in the
Case of the Consumer’s Theory Provided with a CES tility
Function
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Abstract In the consumer’s theory, a crucial problem is étednine the substitution effect and the
revenue effect in the case of one good price’s fimgdiThere exists two theories due to John Richard
Hicks and Eugen Slutsky which allocates differesitares of the total change of the consumption to
these effects. The paper makes an analysis betivedwo effects, considering the general case of a
CES utility function and introduces three indicatarhich will characterize these shares.
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1. Introduction

In the consumer’s theory, a crucial problem is étedmine the substitution effect
and the revenue effect in the case of one good’pnmodifing.

The theory due to John Richard Hicks consider aterodifing of a price, first a
new allocation of goods preserving the utility, lbubdifing the revenue and after
taking into account that the revenue is the intiia the changing in allocation due
to a different utility.

The theory of Eugen Slutsky consider a combineglatement of the relative
consuming obtained a share of the substitutionceffer of revenue effect
depending only from the parameters of the utility.

The problem is to determine these shares for bathods and to inquire which
effect is uppermost.
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2. The Analysis
Let two goods A and B with the initial pricgs, and p; and an utility function of

1
a CES type UZT(GX_)‘ +[3Y‘A) A, a,B>0, A>0, where X and Y are the consumed
guantities in order to obtain an utility U. Let @lsat a given time, V — the
consumer’s revenue.

In order to have the maximum utility for the reverM it is known that we must
have:

UmA :p_A
U Ps
V =paX+pgY

1 1
Wwhere L'l"A:0‘-|-X_A_l(°‘x_A +BY_A) v and UnB:BTY_)\_l(aX_)\ +BY'A) »*are
the marginal utilities corresponding to the two de@ and B respectively.

We have now:

aX™??* _p,

BY™1 pg
V =p X +pgY

Let note, in what follows:

¢: %, rl:p_A

Ps

A 1
and: STt +¢ M.

We have therefore:

1

A -1 1

Y :(%] X = ¢, )\+1rl)\+lx
BPa

-1 1
V = [pA + qu) )\+lrl)\+lJX = (rl + ¢ )\+1r1)\+lJpBX

We obtain now:
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A 1

A+1 A+l
X1= iV Y= b v
Spy Sps
11 A

TVR )\¢ AG A

and the corresponding utility is;& 0
B

Let suppose now that it is a change in the pricenef of the goods, let say B, from

ps to p'z, but the revenue V remains constant. Let note n@wp—B and, of

Ps
course:pfA =h
Pe I
Ao 1 R
Let note, also: RgM1r, Mt + ¢ A1, Q=§.
We have, from the upper relations:
A A A
R_Szrl)\+lr2)\+1[l_r2)\+l\]
L A
¢‘T+l — R‘fz Mg
A
l—rz_ATl
Now:
A 1
A+l A+l A+l
x3:r1 r, MV , 3:¢ \
Rpa Rr,pg
211 Aol
Ay A A
and the corresponding utility:glelTVB ¢ R 2
2Pe

We shall apply now the Hicks method for our analysi
At the modify of the price of B, for the same utili
1 1 A1 1 1
o

Ah AQ A "N
:M we shall have: U:MR A
Ps I>Pg

U;
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therefore:
211 an -
TVB 9 ’S * _TVBA*
Ps P
implies that:
A+l
,_Vr,S *
Vi= =
R M
With the new revenue, we obtain:
A1 A
A+1 )\+lS A v
XZH: rl r2 1
R XpA
_1 o
)\+1S A vV
Y2H:¢_—1-
R *pg
The substitution effect (which preserves the yiilgives us a difference:
1 1
Moo r A
D pX=Xoy-X 1= 21— rl""lV
Q "Sp,
1 1
— A -
DapY=Y oY= 1 1Q 0 Ay
Q’Sp,

The difference caused by the revenue V instead Yhérefore:

A+l
A A

_on A
PorX=X 5 Xom 2R oty
Rpa

AL

_OMp. -1Y
AZHY:Y 3-Y2H: M ¢ )\+1V
Rr,pg

named the revenue effect.
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We shall apply now the Slutsky method for our asialy

At the modify of the price of B, the revenue foetsame optimal combination of
goods is:

A 1 _1
Vv & MV S+ Mi(r, 1)
V': X +D' Y = 1 + 1 — 2 V.
PaX1+P g Y1=Pa S, Pe Sp S

therefore:

A A 1
A A MM S+ M, 1) (V
rl)\+lr2 )\+lV' _

X —
= Rp, RSp,
21 1
_1 ¢ "*1[S+¢ M(r, —1)JV
¢ )\+lV'
st: ; = .
Rpg RSEps

and the corresponding utility:

S -1 A
TVB *¢ A{Sﬂb “1(r2—1)]R M

1
Up=TloX 2 +BY2 ) A=
2 +pvz) ShP,

The substitution effect after Slusky (which not ggeves the utility) gives us a
difference:

M -1
rz)\+l[s+¢ )\+l(r2_1)]_R \

rl)\ +1V

Dy X=X o5 X1=
15X=X 25 X1 RSD.

-1
S+¢ M(r,-)-Rr, o
RSppg

_1
DNisY=Y o5 Y= Ay

and the revenue effect (after Slutsky):
A A

-1
- A+l - A A
A25X=X 3-X25: —¢ (r2 1) I’lA +lr2 }\+1V
RSp,
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1

6 M. —7) -1
MﬁmwﬁiLJiﬁ¢mv
RSEpg

We shall define, in what follows, the ratio:
Yz B Yl

0(Y=ﬁ - the share from the total consumption changeYfodue to the
3~ 1
substitution effect;
[3@% - the share from the total consumption change Yfodue to the
3~ 1
revenue effect;
rY:B—Y =Ys~Yp the ratio between the revenue effect and thetgubon effect.
ay Y,-Y;
. 1 1
We have obvioushyoy+3y=1 and y=— -1=——.
ay i_l
By

In the case of Hicks, we have:

1
[Q‘ —1}25
AnY =

o (Oyy= =
ALY +A,Y  1-Qr,

AL
AyY  _1-Q'n
ALY +0,,Y  1-Qr,

. BYH:

A1
_Bw - 1-Q*

* rYH—a 1
" (Qk—l]@rz

In the case of Slutsky, we have:
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Y
[Q - AJrl]("z -1
e :
BT (1—Qr2)(1—r2_“1J

A
- (Q P! Ml}(rz _1)
AY  _

[ ]
BYS: =
ALY +A Y A
1-Qr) 1-r,
R
Oys
Ly A _1
A A 1 1-r i+ @-ry)$ M
rl)\+1r2)\+1 +¢ A+1
Because Q=S—: : T we have: 14Q= : T
g A (A4 A

therefore: if y<1 then 1-40Q>0 and if >1 then 1-50Q<O0.

Let analyse now the inequalityy>0ys. We have:

1 A
[QA —1]Qr2 [Q— r, “}(rz -1)
>1+

1- M
Q" (1—Qr2)[1—r2“1J

1 A A
{Q)‘Qrz _1J[1_ I “l] _[Q_ P MlJ(rz -1)
>0

(- Qrz)[l—rf”}

therefore:

M
Because(l- er}[l— r “1} <0 we must have:

A+l 1 1

Q)‘[rz _rz)\ﬂJ_Q(rz ~1)+1*-1<0,
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A+l 1 1
Let now the function: g(Q)® * [ —rsz— Qr, ~1) +r)* -1

A+ [ 1] _
We haveg(Q)——QA r,=r}t|=(r,-1)=0=

A

A A
A ~ -1
szgtﬂﬁkl*%_ &
2+t -1

A+l —
and, with the notation: rr D(O 1), we have: g(@9=

(r2 1) [(1 ) )\)\ ] .

AL
P 0+

A

Lemmal 1-uu* <—=——
( ) ()\+1))\+l

Ou0(0,1) OA>0

Proof Let note h:(0,1)- R, h(u)=(1-u)d. Becauseh'(u)=u"*(A —(A +1)u)=0 has

the root: uz%ﬂ we obtain that: h has a maximum value if therefore

A

A
S

.Q.E.D.

From the upper relation, we obtain now that: g@0 for <1 and g(Q.)<O0 for
r,>1.

1

A+1x—xM

Lemma 2 (x -1)] — -1{>00Ox>00A>0

1

A+l
Proof Let note hR-{1} - R, h(x )—)\+1X X1 -1. We have
X_
I
A+l AL )\ —
h'(x)=)\x +X 27\ 1
A(x-1)
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1 A _ 2+

But KG)=AXM +x ML=\ -1, k'(x):%ﬂx M (x—1) and k(1)=0, implies

that: k(x)>00x>0 therefore:h'(x) >0 Ox>0. The function h being increasing and
h(0)=-1, Iimlh(x) =0, lim h(x) :% we have that for O<x<1: h(x)<0 and for x>1:

h(x)>0. Multiplied h with (x-1) we shall obtain theonclusion of the lemma.
Q.E.D.

1

1 — A
We have nowg'(l):)\T-'-l(rz—r}ﬂ}—(r2 -)=(r,-1 )\Tﬂ%—l . From
=

the lemma, we have thereforeg'()>0. Because g'(0)=1-n, éim g'@Q-=

A
[l— r, “1}0 we have that:

o ifro<l: Qoorl
o ifry>1: Qeoxl

1 A
On the other hand, we have that: g(@)= -1, g(l):O,gm 9(Q) :(1—r2“1}>o .

We obtain then:

» ifry<l: gis anincreasing function on (,§) and decreasing on {§,) and
also has one single root, except 1, ind@)0(1,0).

+ ifr>1: g is a decreasing function on (@4 and is increasing on (£,%) and
also has one single root, except 1, in (JQ1(0,1)

Let noteQ - the single root of g. The upper specified valoleg concludes that:
e ifr,<1: g<0 for @(0,1)J(Q o) and g>0 for Q(1,Q).
« ifry>1: g>0for Q](O,Q)D(l,oo) and g<0 for @(6 ,1).

In terms of our indicators, we have that>ays if r,<1 and Q](O,l)D(a ,00) Or
r.>1 and Q](a 1) whereQ is the root of the equation:
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1

A+l 1 1
Q* [fz —rz”lj_Q(rz -1+ -1=0

Als0, lyy<alys if r,<1 and @(1,Q) or r,>1 and QJ(0,Q )I(1 ).

For the determination now of the real ro@t of g, we shall apply the Newton

method of approximation for functions of one valgalBecause the starting point
Qo for a function g:[a,b} R, who maintains the monotony and the concavity is
those for which g(@4g"(Q,)>0 and at us, ifx1: g"<0, >1: g'>0, we must

choose @ in the case.xl such that g(Q<0 and in the case>f1 such that
9(Q)>0.

On the other hand, itx1, we haveﬁ >1 and we shall choose the starting poigt Q

sufficiently large and if &1, we have:Q <1 and we shall choose the starting point
Qo sufficiently small.

We have now, from the Newton’s method:

A+l 1 1
ot
(48) Qn1=Qn Q(Qn) = 0.

9Qn) (A+1)Qé(r2—r§ﬂ]—x(rz—1)

In the figure 1, we have on the horizontal axis\hkies of y and on vertical axis
the value ofQ for whichA=2:

5

4

3

2

1 \

0
A OO MNMNNS AN ANOGOOMS
S = 0o Vo NmMINN®WON N

™ e v = NN

Figure 1. The chart of the rootsa for the caseA=2 in the case of a CES-function
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If A -0 we know that the CES-function becomes Cobb-Daugla
In the figure 2, we have on the horizontal axis\vhkies of ¥ and on vertical axis

the value ofQ for which)\:%:

2.5

2

1.5

1 \

0.5 -

0
— O M S ON OO HONONSTO®NN O S
o - T N N T NN T oo AN

N R G et - - NN

—= 1
Figure 2. The chart of the rootsQ for the case)\:E in the case of a CES-function

If A -0 we know that the CES-function becomes Cobb-Daugla

3. Conclusion

Considering the single real root Q of the equation:

A+l 1 1
Q* [rz—rz“lj—Q(rz—l)Hz“l -1=0 we have that:ayy>ays if r,<l1 and

QD(O,l)D(6 ,0) or >1 and Q)]((_Q ,1) that is the share from the total consumption
change for Y due to the substitution effect is $enah the case of Slutsky than in
the hicksian case. Als@vny<Bys that is the share from the total consumption

change for Y due to the revenue effect is highahécase of Slutsky than in the
hicksian case.

If r,<1 and @(1,Q) or r>1 and @(0,Q)0(1,0) we have thatiy,<dys that is
the share from the total consumption change fou¥ @ the substitution effect is
higher in the case of Slutsky than in the hicksiase and, of courg®>Bys that
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is the share from the total consumption changerfolue to the revenue effect is
smaller in the case of Slutsky than in the hicksiase.
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