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The Complete Solution of the Core-Periphery
Model for two Regions Using Successive Approximatns

Catalin Angelo loan" Gina loan?

Abstract: In this paper it is give the complete solutionngsihe Newton’'s method of approximation,
for the well known Krugman’s Core-Periphery modsl fwo regions. After the process of reduction
of the system of conditions, using appropriate suwh®ns, it is obtained one equation which is the
key of the problem’s solving. After the presentataf the iterative formula which gives the solution
the principal indicators (regional incomes, thecesi indexes of manufactured goods and the real
wage of workers) are calculated.
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1. Introduction

The Core-Periphery Model developed by Krugman ser@es of papers starting in
1991 has whip up the scientific world for the falcat they are non-analytical
solvable.

In this paper, we shall give a complete solutising the reduction of the system
of conditions to one non-linear equation, which dan solved by successive
approximations.

After this, we can give the principal behavior loé tjuantities of the model.

Let therefore ([3]) two regions with two types ofoguction: agriculture and
manufacture.

We shall suppose that the utility function is oft®BeDouglas type, that is:
(1 U=c,c*

! Associate Professor, PhD, Danubius University afa®, Faculty of Economic Sciences, Romania,
Address: 3 Galati Blvd, Galati, Romania, tel: +4p361 102, fax: +40372 361 290, Corresponding
author:catalin_angelo_ioan@univ-danubius.ro

2 Assistant Professor, PhD in progress, Danubiusédssity of Galati, Faculty of Economic Sciences,
Romania, Address: 3 Galati Blvd, Galati, Romanédk, +40372 361 102, fax: +40372 361 290, e-
mail: gina_ioan@univ-danubius.ro

AUDG, Vol 8, no 1, pp. 95-106

98



ACTA UNIVERSITATIS DANUBIUS Vol 8, No. 1/2012

where G and G, are the consumptions of the agricultural goods amnd
manufactures aggregate respectively and(0,1) represents the share of
expenditure which is received by the manufacturers.

The behavior oft is essential in the convergence of both regions.

Supposing that, after a scaling, that the totabiab unitary, let denote with;land
L, the worker supply in the corresponding regiongppdging that the peasants
(which produce the agricultural goods) are fixeg@@&eth region, we have that:

(2) L.+ L2:IJ.

In what follows, we shall made some assumptiomst, five suppose that the wage
rate of peasants is numeraire, second — the treasipa costs of agricultural
goods are null, third — we assume that for eachaimhanufactured goods shipped

. . . 1
from one region to another only a fractioril arrives. Let note T=>1.
T

L
We shall define}\:Fl J(0,1) - the share of manufacturing labor forcedgion 1

L, . . .
and, of course, A=—2 s the share of manufacturing labor force in radio

Let now the w the wage rate of workers in region 1 and alsahe wage rate of
workers in region 2.

Let denote with Y and Y, the regional incomes, 3G, — the true prices indexes of
manufactured goods for people who live in regiomelpectively in region 2y,
w, — the real wage of workers living in region 1 pestively 2.

Finally we note witho>1 - the elasticity of demand.

The equations of short-run equilibrium are ([3]):

(3) Y=+ 1‘2“

(4) Yzzu(l-x)w2+1‘7“

(5) G 7=Aw, T+ (1A (WL T)
(6) GO =A (W, T) +(1A)w,'°
(7) W,o=Y G H+Y LG T
(8) W'=Y G THo+Y,G !
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(9) (A)]_:W]_(.;]__p

(10) (A)ZZWZGZ-H

2. The Complete Solution
Substituting (5) and (6) in (7) and (8) we obtain:

(11) ch[)\ZWlZ-ZUTl-G+)\(l_)\)wll-cwzl—0+}\(l_)\) Wll-0W21-0T2—20+(l_)\)ZWZZ—ZUTl-G —
AY L THOW (LAY W N Y Wi O THoH(LN) Y . T2 2w,

(12) WZO[)\ZWlZ-ZOTl-G_i_)\(l_)\)wll-owzl-0+)\(l_)\)Wll-Gwzl-GTZ-20+(1_)\)2W22-20Tl-0 -
AY Wi T2+ (LAY W O THoHAY oW, M0+ (1A) Y, THOwW, .

Replacing (3), (4) in (11), (12) we have (after wiifications):
(13) AW, 2T (1-p)+A (L-A)WaW, [ 1+ T4 2-p]-2A 1—2 Wy oty
1AW 2T (10 22 W, [+ T2 i (LMW ws T (LA W2 oT>
2
20:0
(14) -pNW, " T2 2-pA (LN waw T\ 1_7“ W (LT 2+
+(L-A) W2 P T L1+ A (LA Wy W[ 1+ T2 2P+ AW, 20w, T
200 T w T,

w,
WZ

Let note now: X

. After a dividing with w?? in (13), (14) we have:

(15) N (L) T OXZOHA(L-N) (A T2 22-p) X+ (L-A) X OTHO-pA (L-A)X O THo-p(1-0) 2T

.2 H L AT X (1) (4T )0

2
(16) -pA TZ2X 2O (1-N) THOX+(L-N) (AW THO+A (L-A) (L -+ T2 X FO4N2THoOX >
20_ 1_2u i [}\(1+T2-20)X1-0+2(1_)\)Tl-0]:0

W

2

After the reduction of wbetween (15) and (16) we find that:

(17) T 1) T2+ (L] AKX 2= (1A XA(L-N) T (e 3) T2+ (3 [AX -
@a-MN]+
XON(L-N)[(p+ 1) T+ T2+ (1) [AX-(1-M)]-2X TN 3. (1-0)3=0
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With the substitutions: 1°=tJ(0,1) andx:? >0, after dividing witth\3, we
find from (17) that:

(18) t{(u+ 1) E+H(L4] X > -0 ’-X at[(p+3)E+(B)] X H-a]+X ™
Ca[(put+1)t+A8+(L)][X- a]-2X X **-a%=0

After successive grouping we obtain:

(19) [X " O+at][tX To+a]{[( p+1)E+(L4)](X- a)-2t(X°-aX°)}=0
Because X°+at>0 and t¥°+a>0 we have that (19) becomes:
(20) [(p+1)E+(14)](X-a)-2t(X*°-aX)=0

Let note now:

(L+DE* +1-p
21)y= "2 "~ F.
(2L)y= i
eZGZUZ(l_)\\ch.
)\ 1
oo (WD +1-p (14\)“
e=2ya°=
&l 2t A
W:K:Lx
a 1-A

We can write (20) like:

(22) OW> L +eWP°-gW°1-1=0

We shall call the equation (22) the characterigjgation of the system (3)-(8).
Let now the function: f:(@) - R, f(W)=0W?**+eW’-eWw’-1

We have:!Aillerf (W) =-1, f(1)=6-1.

But:

(23) £(W)=W °’[8(20-1) W +e0W-£(0-1)]

(24) f(W)=( 0-1)W**[20(20-1) W +e0W-£(0-2)]

Let g:(0%) - R, g(W)=0(20-1)W’+e0W-g(0-1)

Because g'(W)80(20-1)W*+£0>0 we have that g has at most one real root.
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Because!/ivmog(W) =-g(0-1)<0 and g(1)8(20-1)+e0-¢(0-1)=06(20-1)+e>0 follows
v;0(0,1) is the real root of g therefore also of f'.eWave now:lvivmof'(W) <0
therefore f'(W)<0 for WI(0,v,) and f'(W)>0 for W(v4,).

Let now h:(0w) - R, h(W)= B(20-1)W°+eaW-g(0-2). We have h’'(W)=Rc(20-
1)W+e0>0 therefore h has at most one real root. We hisee Givmoh(W) =-¢(o-

2) and h(1)=8(20-1)+eo-
€(0-2)=20(20-1)+2>0.

If 0<2 then: !/ivmoh(W) >0 therefore h has not real roots. In this caggVf>0.
If 0>2 then Ivivmoh(W) <0 and h(1)>0 implies that[(0,1) is the root of h therefore

of " also. But !livmoh(W) <0 equivalent with!/ivmof "(W) <0 lead us to the conclusion

that: f'(W)<0 for W(0v,) and f'(W)>0 for W(v,,»). In this case, for the two
real rootsy; andv,, we have from the upper relations:

(25) 6(20-1)v,°+e0v;-g(0-1)=0
(26) 26(20-1)v,°+e0v,-¢(0-2)=0

We have: gég):e(ZG-1)v2"+sov2-s(0-1):-% EOV,+ % s(o-2)+sov2-s(0-1):% EOV,-

%aoz %80(V2—1)<0 thereforev,<v,. The root of f(W)®W> +eW-eW’™-1 will

be greater tham; where the function is strictly increasing and e®nvThe same
thing is obviously in the case<2.

For the determination now of the real rodt of f, we shall apply the Newton
method of approximation for functions of one valgalBecause the starting point
Xo for a function f:[a,bl R, who maintains the monotony and the concavity) (E2]
those for which f()f'(x0)>0 and at us f"(W0 for any Wbv; we must chooseyx
such that f(¥)>0.

20
From (21) we have thzﬂ:(?j thereforef>1 if AD(O,%), =1 if )\:% and
o<1 if )\D@ ,1). Because f(1)8-1, in the caséD(oéj we shall choosegx1 and

W<1. In the casé:%, from (22) we obtain easy tha¥=1. In the casém(% ,1]
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thereforeB<1 we shall chooseysufficiently large (greater than 1) in order tvda
convergence of the algorithm ani>1.

Lemma 1
Let the equation a¥¥'+bW’-bW°'-c=0 where a0, o>1. In this case, the

b(o-1\" =
e

positive rootw satisfy: W< °

Proof

We have aW'=-bW’+bW**+¢c

Let the function f(W)=-bVi+bW" +c.

We have: F(W)=-lsW +b(a-1)W*?=bW*?[(a-1)-0W] therefore W=""1 .
o

Becauselvivmof'(W) >0 we obtain that f increases for<\ﬁ9;1 and decreases for
- o

W>G—_1 . The function f has a maximum point+0|q_—1 therefore:
(o)

o
aVVZo'lsf (O-__lj :b(o-__l]o_l (1 - O-__lj +C:C+E [O-__]'\Jg_l .
o

o (0} o\ O

We finally have:

Lemma 2

Let the equationBW?**+eW°-eW°*-1=0 where8,e>0, o>1. In this case, the
positive rootW satisfies:
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Proof

From the lemma 1, for & b=, c=1 we haveW <

Replacing in the equatioBW?**+eW°-eW°*-1=0 W:$ we shall obtain: ¥

11eY%eYo9=0. From lemma 1, with a=1, b=c=6 we shall obtain:

1
N\ 201
[9+£(—0 1) J .
o\l o

<

gl

(M+ADE +1-p _ (U+DT* 7 +1-p

In our casef=0"’, e=2yn” andy= at e implies:
T
S
20 0~ -o o1\ 261 __ 20
o 7o |14 (DT +1-p)a (0‘1j " cWea @
20 ot

1

(1+ ((u+DT** +1-pa” (0—1J“J2“

20 ot

With the upper relations, we have that c[m% :

)\D(Oéj implies that:
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1
= [1+ (DT +1-p)a? ( o—lm " <Wsmin(a =
20 ot

ot

[1+ (u+DT*” +1-pa” (0 ‘1)6_1)20_1 1)
20

A0 [% ,1] implies :

1
20 0 - o) w1 W =
max(q %+ [1+ (U+DT*2 +1-p)a (0‘1) 1) " 1EWsa @
20 ot

1

[1+ (p+DT* 2 +1-p)a’ (0 —1)“)2"‘1
20

ot

From)\:% follows: W=1.

We have now, from the Newton’s method:

f(x,) _20(0-Dx2 " +e(c-1x; —g(c-2)x; " +1

27) Xpe1=Xn~ , =0
(@7) %o f'(x,)  B8(0-1Dx* 2 +eox’ —g(0-1)x°7

_ 20 2 _ _ (o]
Where:9=(u] ande= (M+Dt +1-p (1 )\] ,t=THo0=1%,

A 2t A

The range (Y=o Will converges alWW — the real root of the equation (22).
Using the following formula ([5]):

(28) Awy+(1-A)w,=1

we finally find that:

_1-N
(29) X= — W
GOwe——+ = L
AX+(@A-A) @A-ANW+D
. W
(31) wi=w,X= T W
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_ 1—p._(+p)W+1 p_1 uW
32) Y 1 =pAw,+ = —
(32) Yamphwet =3 AW+D) 2 2w+

(33) Yomu(anwor - F =15 “)W+““=1—BW
2 2

2 2(W+1)

(34) Gy= @W +(1- )\)T_lrl
W+1

1

o o-1\At — 2o -0
NTWT + (- D)
W +1

(35) G,=

(36) =W, Gy ™= VV()\ W (- )\)c 0_1)
AW +1)™"

u

0T0—1W1_0+(1_)\)0 10

(37) w=W,Gy M= ()\ — o
a-nWw+1)

_H

_\\O[r20-2 _ 1=
(38) & I O Ql_g 1)
. A NTPW O+ (L-A)°

N

- 20-2 _ “1¢
W(l—_lJ
oaT'W +1

One particular case arises 1‘291:% from wherea=1 thereforeW=1. We have

now:
(39)wo=1
(40)ws=1
1
(41)Y = E

1
(42) Y= E
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1
0-1 \1—¢g
(43) Glz(l” J

1
0-1 \1—g
(44) Gzz[1+T J

N
01\ 1o
(45) wlzwlel-“:(l” j

N

n
14770 vo
2

(4 6) (1)2=WZGZ-H= (

47) =1,
w.

2
3. Conclusions

With the method presented in the previous sectigm,have determined all the

cases fou[1/10,9/10] with step=1/10501{2,3,4,3 and1[10/100,99/100] with
step=1/100.

We can easily see that, related to the variation of

[ : . o
« —L is anincreasing function if:

(1)2
u o) T u o) T u o) T
01 | 2 | [0551 | 04 | 2 [0.1,1 07 | 2 [0.1,1
01| 3| [0781) | 04| 3| [0331)] 0.4 4 [0.1,1)
01 | 4 | [0861 | 04 | 4 | [0511 | 07 | 4 | [0.19,1
01| 5 [0.9,1) 04| 5| [0620)] o074 § [0.331
02 | 2| [0291) | 05| 2 [0.1,1) 0d 7 [0.1,1)
02 | 3 [0.6,1) 05| 3| [0220)] o048 3 [0.1,1)
02 | 4] [0731) | 05| 4| [0411)] 08 4 [0.1,1)
02 | 5 [0.8,1 0E | 5 | [0531 | 0€ | 5 [0.1,1
03 | 2| [0141) | 06| 2 [0,1,1) 09 7 [0.1,1)
03 | 3| [0461) | 06| 3| [0.121)] 0d 4 [0.1,1)
03 | 4| [0621) | 06| 4] [03L1)] 09 4 [0.1,1)
03 | 5] [071,1) | 06| 5| [0441)] 04 1 [0.1,1)

Analyzing these, we can easily see that for a lalgee of expenditure which is
received by the manufacturergi,-the ratio of the real wages of workers living in
the corresponding regions increases in referentde thé share of manufacturing
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labor force in the first region, even if it is aagb or poor distribution of
manufactured goods or a smaller elasticity of deman

If u has a little value, that is the character of comstion in the first region is
preponderant agricultural, a bigger elasticity @ménd and a good policy of
transportation will contribute to an increasinglué ratio of the real wages.

If we compute the total variation of the functiore wan remark that it essential
depends fronu, that is how much the manufacturing industry haeminant role
in the region, an increase of the manufacturingiddbrce in the first region will

contribute to a bigger increasing 8k

(*)2
. ©isa decreasing function if:
(‘02

T} [} T
01 [ 2 (0,0.53]
01 [ 3 (0,0.77]
01 [ 4] (0,0.85
01 [ 5] (0,0.89
02 [ 2 (0,02
02 | 3 (0,0.56]
02 | 4 (0,07
02 | 5] (0,0.77]
03 [ 3 (0,0.27]
03 [ 4] (0,049
03 | 5] (0,0.62]
04 | 4 ] (0,014
04 | 5] (0,0.27]

For a region preponderant agricultural related te tonsumption and a poor
distribution of goods or in the case of a big ététyt of demand, the ratio always
will decrease.

Again, the total variation of the function showsthat a little decreasing ot it
(*)2

is possible only if we have a good distributiorgobds to the other region.

« £ has an alternate character (first increases, aféereases and finally
(‘02

increase) if:
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pH | o T M| o T
01| 2| [054,054) 04 4 [0.1505
02| 2| [0.21,028)] 04 5 [0.23,0.61]
02| 3| [057,059)] 05 3 [0.1,0.21
02| 4| [0.71,072)] 05 4 [0.1,0.4]
02| 5078079 | 0.5 | 5 | [0.1,0.52
03] 2| [01,013]] 0.6 3 [0.1,0.11
0.2 3 [[0.28045 | 0.6 | 4 | [0.1,0.3
03] 4| [05061]| 0.6 5 [0.1,0.43
03] 5| [0.630.7]] 07 4 1[0.1,0.18
04| 3| [0.1,032]] 0.7 5 [0.1,0.32

If the variation is pendulous we can see that ¢t wariation is not so big. It has
large values for big values ofthat is for an important elasticity of demand.
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